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The  Problem  and  Objective
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The  Problem
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(Bourbie,  et  al  1987).  Acoustics  of  Porous  Media.

From  theory,  the  wave  
velocity  is  defined  by  
The  Newton-Laplace  
Equation:

V =
M
ρ

V ρ

V:  Velocity  through  the  rock
M:  Elastic  modulus ρ:  density



Objective
• Investigate  the  apparent  inconsistency  between  theory  
and  reality  of  the  relationship  between  velocity  and  
density.

• Define  a  relationship  between  velocity  and  density,  and  
between  elastic  modulus  and  density.
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V:  Velocity  through  the  rock M:  Elastic  modulus ρ:  Density

V = f (M,ρ)
M = g(ρ)



Observations
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Velocity  vs.  Density  for  Gases
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Data  From:  Podesta,  (2002).  Understanding  the  Properties  of  Matter.
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Data  From:  Podesta,  (2002).  Understanding  the  Properties  of  Matter.

Velocity  vs.  Density  for  (non-porous)  Solids
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Velocity  vs.  Density  for  Rocks

Data  From:  Mavko,  (2016).  Introduction  to  Rock  Physics.



Gardner’s  Plot
• Experimental  data  for  rocks
• Gardner’s  equation
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(Gardner  et  al,  1974)  

V =108.28ρ 4

V:  Velocity  through  the  rock
ρ:  Density



Conclusion
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Single  
Phase 2-Phase

Rocks
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Gases



Methodology
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Wyllie’s  Time  Average  Equation
• Wyllie’s  Time  Average  equation:

• Weighted  average  density:

12

Vf:  Fluid  velocity Vm:  Mineral  velocity  
ϕ:  Porosity ρ:  Rock  bulk  density                    
ρm:  Mineral  density            ρf:  Fluid  Density  

ρ = φρ f + (1−φ)ρm

1
V
=
φ
Vf

+
(1−φ)
Vm

(Gardner  et  al,  1974)  

φ =
ρm − ρ
ρm − ρ f



Derivation  of  New  Expression  of  the  
Elastic  Modulus,  M
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V: Velocity  through  rock   Vm:  Velocity  through  mineral Vf:  Velocity  through  fluid

ρ:  Rock  bulk  density                     ρm:  Mineral  density                                           ρf:  Fluid  Density      

M:  Rock  Elastic  parameter   Φ:  Porosity

M =
(ρm − ρ f )

2Vf
2Vm

2ρ

[(Vf −Vm )ρ + ρmVm − ρ fVf ]
2

The  Newton-Laplace  equation
1
V
=
φ
Vf

+
(1−φ)
Vm

V =
M
ρ

Wyllie’s  equation



Elastic  Modulus  vs.  Density
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M =
(ρm − ρ f )

2Vf
2Vm

2ρ

[(Vf −Vm )ρ + ρmVm − ρ fVf ]
2
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The  Newton-Laplace  
equation

Numerical  Approx.  Of  
Wyllie’s  equation

M
ρ
= aρb + c

V = aρb + cV =
M
ρ

M (ρ) ≈ (aρb + c)2ρ

V:  P-wave  velocity M:  Elastic  modulus          ρ:  Density     a,  b,  c,  A,  B,  and  C:  Constants

Numerical  Approximation  of  the  Elastic  
Modulus

M (ρ) ≈ Aρ9 +Bρ5 +CρUsing  b  =  4:  



Generalized  Gardner’s  Equation
• Gardner’s  equation:  

• Wyllie’s  approx.  
relationship:

• Proposed  generalized  
form  of  Gardner’s  
equation:  

• Where:    
• c  =  1500  – a
• b  =  4  
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V = aρ 4

V = aρb + c

V = aρ 4 + c
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Applying  Findings  to  Field  Data



Field  Data
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• Well-log  data  that  includes:  
• P-wave  Velocity
• Density
• Porosity
• Mineralogy

• Source:
• 3  wells  (Carbonate  rocks):  from  Saudi  Aramco  
• 1  well  (Clastic  rocks):  from  the  Quantitative  Seismic  Interpretation  
book  (Avseth et  al.,  2005)
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Applying  the  New  Expression  
of  the  Elastic  Modulus,  M
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Medium Parameter Value

Calcite
Vm 6000  m/s
ρm 2.70 g/cm3

Dolomite
Vm 7000 m/s
ρm 2.70  g/cm3

Quartz
Vm 5000  m/s
ρm 2.65  g/cm3

Water
Vf 1500  m/s
ρf 1.00  g/cm3

Applying  the  New  Expression  of  the  
Elastic  Modulus,  M,  to  Field  Data

M =
(ρm − ρ f )

2Vf
2Vm

2ρ

[(Vf −Vm )ρ + ρmVm − ρ fVf ]
2

Data  from:  Gue’guen and  Placiauskas,  
(1974).    Introduction  to  the  Physics  of  Rocks.



6/5/17 21

rmse  =  0.03

Calculated  Velocity  using  the  New  
Expression  of  M  and  Field  Data  –
Limestone



Conclusions
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(Bourbie,  et  al  1987).  Acoustics  of  Porous  
Media.

M ∝ρ9

Clarification  of  the  
Relationship  
between  Velocity  
and  Density

V ∝ρ 4

V =
M
ρ

However  

and

and



Conclusions
• A  new  expression  of  the  elastic  modulus,  M,  is  derived  by  
linking  the  Newton-Laplace  equation  to  Wyllie’s  equation:

• The  new  expression  of  the  elastic  modulus,  M,  numericaly  
approximated  by:  

• The  generalized  form  of  Gardner’s  equation  provides  more  
accurate  velocities  over  the  entire  range  of  densities.

• The  velocity  calculated  using  the  new  expression  of  the  elastic  
modulus,  M,  is  indistiguishable  when  compared  to  the  velocity  
calculated  using  the  numerical  approximation  of  velocity
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M (ρ) ≈ (aρ 4 + c)2ρ approximately M ∝ρ9



THANK  YOU
Questions?!
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Comparison
• Comparing  the  elastic  modulus  using  the  new  expression  
to  the  elastic  modulus  using  the  effective  media  models:
• Voigt  upper  and  Reuss  lower  bounds
• Hashin-Shtrikman  upper  and  lower  bounds
• Hill  average  estimate
• Geometric  mean
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Elastic  Modulus  vs.  Density
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Numerical  Approximation  of  Velocity  
(Wyllie’s  equation)
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V = aρb + cNumerical  approximation  form  (Fit  Line):

V ∝ρ 4.1



Elastic  Modulus  vs.  Density
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rmse  =  0.05

Calculated  Velocity  using  the  New  
Expression  of  M  and  Field  Data  – Dolomite
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rmse  =  0.05

Calculated  Velocity  using  the  New  
Expression  of  M  and  Field  Data  – Clean  
Sands



Comparison
Velocity  calculated  using  the  new  

derived  expression  of  M

Well  No. Lithology rmse
Well 1 Limestone 0.03

Dolomite 0.05
Well 2 Limestone 0.06
Well 3 Limestone 0.07

Dolomite 0.1
Well 4 Clean  

Sands
0.05

Velocity  calculated  using  the  generalized  
form  of  Gardner’s  equation
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Well  No. Lithology rmse
Well 1 Limestone 0.03

Dolomite 0.05
Well 2 Limestone 0.05
Well 3 Limestone 0.05

Dolomite 0.06
Well 4 Clean  

Sands
0.05

Very  similar  rmse  
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