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Motivation
Full waveform inversion 

min
m,u

ff(m,u) =
1

2

ns,nfX

i,j

kPui,j � di,jk22,

subject to (�+ !2
jm)ui,j = qi,j

<latexit sha1_base64="t5U1nLosOAvZUD4t5+dLwX0MePw="></latexit>
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[Tarantola, 1984] [J. Virieux and S. Operto, 2009 ]�
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Motivation
Lack of low frequency 
data  

Lack of far offset data 

Lack of a good initial 
model

Poor inversion result
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min
m

fr(m) =
1

2

ns,nfX

i,j

kPAj(m)�1qi,j � di,jk22,

with Aj(m) = �+ !2
jm

<latexit sha1_base64="IofhbY4UNGTwSQKRtW6F+YxfC5k="></latexit>

Reduced approach
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Motivation
Goal: mitigate the local minima
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(a) Initial model

(b) True model

(c) Result of LRWI

(d) Result of FWI
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Motivation
Expand the search space

m

m

Approaches to expand the search 
space: 

1. Relax the wave-equation 
constraint [van Leeuwen et al 
2013] 

2. Lift the unknown parameters 
 [Cosse, Demanet 2015] 
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Motivation
(a)Relax wave equation constriant 
     (wavefield reconstruction inversion (WRI))

min
m,u

fp(m,u) =
1

2
kPu� dk22 +

�

2
k(�+ !2m)u� qk22.

<latexit sha1_base64="wcY6SouJc34XOO+ewjgAtwPbIbs="></latexit>

0 1000 2000 3000 4000
Lateral [m]

0

500

1000

1500

2000

D
ep

th
 [m

]

1.5

2

2.5

3

3.5

4

4.5

5
km/s

0 1000 2000 3000 4000
Lateral [m]

0

500

1000

1500

2000

D
ep

th
 [m

]

1.5

2

2.5

3

3.5

4

4.5

5
km/s

(a)  WRI result

(b) Lift unknown parameters

[1,m>,u>]>[1,m,u] =

2

4
X11 X12 X13

X21 X22 X23

X31 X32 X33

3

5 = X

<latexit sha1_base64="k8/l2x7gNgxV17u3fM+kxw5OHVw="></latexit>

(b) FWI result (d) FWI result

(c) Lifting result
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Lift and Relax Waveform Inversion (LRWI)

  LRWI =    WRI +     Lift
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LRWI
New objective function 

with

min
X

fpx(X) =
1

2
kPX31 � dk22 +

�

2
k�X31 + !2diag(X32)� qk22,

subject to X11 = 1,

X ⌫ 0,

rank(X) = 1
<latexit sha1_base64="LtMMFryzGYNjY26Z8LMOzkq6D5Q="></latexit>

X31 = u
<latexit sha1_base64="ipTKc6bSyZBigajtAmMuXl+fDXQ="></latexit>

diag(X32) = m� u
<latexit sha1_base64="siDMWx66FCxap8TV1fBWcoi7+zA="></latexit>

Search space is too large
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LRWI
Rank-2 relaxation (r = 2)                

Rank-2 objective function

m = ↵1m̃1 + ↵2m̃2,

u = ↵1ũ1 + ↵2ũ2,

m� u = m̃1 � ũ1 + m̃2 � ũ2,

1 = ↵2
1 + ↵2

2<latexit sha1_base64="PrOdgbhwNzWpfCpr5tIwW8zoJbc="></latexit>

min
m̃,ũ,↵

fp2
(m̃, ũ,↵) =

1

2
k

2X

l=1

P↵lũl � dk22 +
�

2
k

2X

l=1

↵l�ũl + !2
2X

l=1

m̃l � ũl � qk22
<latexit sha1_base64="8UKCw2IcTMw1xbR8EsrUJsOYHG4="></latexit>
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Rank-2 objective function w/ rank-1 penalty 

Options for rank-1 penalties 

min
m̃,ũ,↵

fp2
(m̃, ũ,↵) =

1

2
k

2X

l=1

P↵lũl � dk22 +
�

2
k

2X

l=1

↵l�ũl + !2
2X

l=1

m̃l � ũl � qk22

+
�

2
km̃1 � ũ2 � m̃2 � ũ1k22,

subject to ↵2
1 + ↵2

2 = 1
<latexit sha1_base64="C0PD1IBD5KsGmvpegcIQe0PQm8U="></latexit>

↵1m̃2 = ↵2m̃1,

↵1ũ2 = ↵2ũ1,

m̃1 � ũ2 = m̃2 � ũ1
<latexit sha1_base64="5WONpLG63SFBuI9BxOj/hfdV2cI="></latexit>

↵1
<latexit sha1_base64="aK21QG/Eo196Rq5aZ09AZZuYglI="></latexit>

↵2
<latexit sha1_base64="xU8jXyS0MuQtWSgj9mQbPE7C/VI="></latexit>

m̃1
<latexit sha1_base64="1qnAqnypFJoDZ+7hs4UL/3GjdKQ="></latexit>

m̃2
<latexit sha1_base64="gFlOyPW+CKYxpXYXeaI3T21qN/g="></latexit>

ũ2
<latexit sha1_base64="cbfCiCunPX1kddf2k5+Fw3YeaO0="></latexit>

ũ1
<latexit sha1_base64="UECpWvyywkmms0Scb22hobsQGg4="></latexit>

LRWI
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LRWI
Rank-2 objective function w/o constraints 

with 

min
m̃,ũ,✓

fp2
(m̃, ũ, ✓) =

1

2
kP(sin ✓ũ1 + cos ✓ũ2)� dk22

+
�

2
k�(sin ✓ũ1 + cos ✓ũ2) + !2

2X

l=1

m̃l � ũl � qk22

+
�

2
km̃1 � ũ2 � m̃2 � ũ1k22

<latexit sha1_base64="N1XB1GT8r2GodYU11ANsAlXrYDE="></latexit>

↵1 = sin ✓ and ↵2 = cos ✓
<latexit sha1_base64="sxk0GFvxZvJ38hp1Xwhk/Pdzzgg="></latexit>
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LRWI
Optimization algorithm 
For fixed     and   , there is an      satisfying                                     given 
by the following expression: 

where

m̃
<latexit sha1_base64="mCSuqGPqCV3Mdo1IvVROpopmnoE="></latexit>

✓
<latexit sha1_base64="zKgIHotIf+42UhBcHc9aMWyywoo="></latexit>

ũ? = (S̃>S̃)�1S̃>

2

4
d

�
1
2q
0

3

5

<latexit sha1_base64="LDJ+fROfcnsgWZL+OuuyXfN2PMA="></latexit>

ũ?
<latexit sha1_base64="xKmEfSXIWjd8XqLdruoGvKnj0Dc="></latexit> rũfp2

(m̃, ũ,↵)|ũ=ũ? = 0
<latexit sha1_base64="JGctrmUos6bPqIRvG0WY7VjxHqY="></latexit>

S̃ =

2

4
sin ✓P cos ✓P

�
1
2 Ã(m̃1) �

1
2 Ã(m̃2)

�
1
2 diag(m̃2) ��

1
2 diag(m̃1)

3

5 ,

with Ã(m̃1) =�
1
2 (sin ✓�+ !2m̃1), and Ã(m̃2) = �

1
2 (cos ✓�+ !2m̃2).

<latexit sha1_base64="cn8CEy2MKVOjFCViMAMmsHplGLw="></latexit>



!13

LRWI
Gradients with respect to      and    :m̃

<latexit sha1_base64="mCSuqGPqCV3Mdo1IvVROpopmnoE="></latexit>

✓
<latexit sha1_base64="zKgIHotIf+42UhBcHc9aMWyywoo="></latexit>

rm̃fp2
(m̃, ✓) = rm̃fp2

(m̃, ũ?(m̃, ✓), ✓) = rm̃fp2
(m̃, ũ,↵)|ũ=ũ? +rũfp2

(m̃, ũ,↵)|ũ=ũ?rm̃ũ,

r✓fp2
(m̃, ✓) = r✓fp2

(m̃, ũ?(m̃, ✓), ✓) = r✓fp2
(m̃, ũ,↵)|ũ=ũ? +rũfp2

(m̃, ũ,↵)|ũ=ũ?r✓ũ
<latexit sha1_base64="UTltJ4/lzbt/9h4hDjUWlP5SsJA="></latexit>

rm̃fp2
(m̃, ✓) = rm̃fp2

(m̃, ũ,↵)|ũ=ũ? ,

r✓fp2
(m̃, ✓) = r✓fp2

(m̃, ũ,↵)|ũ=ũ? .
<latexit sha1_base64="hyNMyiGfnLipvoDEz3Rqrhv5CIc="></latexit>
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LRWI
Optimization algorithm 



!15

Numerical experiment
Overthrust model 
Model size: 5 km x 20 km 
Frequency bands: 2-3Hz, 5-7Hz, 7-9Hz 
Number of shots: 50 
Number of receivers: 50 
Choices of     : 1e-2, 1e0, 1e2 
Choices of     : 1e-1, 1e-3, 1e-5 
Grid spacing: 25m 
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<latexit sha1_base64="k1zJLFdOuk7t+QCZVk1JYx3nHsI="></latexit>

�
<latexit sha1_base64="mq1SO287iPBbGvJdym//htwts2g="></latexit>
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Numerical experiment
Initial models
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(a) Initial model m(0)
1

<latexit sha1_base64="oLGS4snqzHnv1oh4Ep+h0qp8JVc="></latexit>

(b) Initial model m(0)
2

<latexit sha1_base64="eJMl1x9WbDh+kOk1DfQmwbQdujw="></latexit>

(c) Initial model
m(0)

3 =sin2 ✓(0)m(0)
1

+ cos2 ✓(0)m(0)
2

<latexit sha1_base64="Zp/Cncf+SeChMrSf5WLzOSs+7ts="></latexit>

✓ =
⇡

4
<latexit sha1_base64="Co0wHbVxDkLOds6VO78MZDyte+k="></latexit>
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Numerical experiment
Results of FWI
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(a) Result of m(0)
1

<latexit sha1_base64="oLGS4snqzHnv1oh4Ep+h0qp8JVc="></latexit>

(b) Result of m(0)
2

<latexit sha1_base64="eJMl1x9WbDh+kOk1DfQmwbQdujw="></latexit>

(c) Result of 
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m(0)
3

<latexit sha1_base64="fcw0CfdqXids4UW8DiQFTAlrqiU="></latexit>
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Numerical experiment
Results of WRI

(a) Result of m(0)
1
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(b) Result of m(0)
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<latexit sha1_base64="eJMl1x9WbDh+kOk1DfQmwbQdujw="></latexit>

(c) Result of 
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m(0)
3

<latexit sha1_base64="fcw0CfdqXids4UW8DiQFTAlrqiU="></latexit>
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Numerical experiment
Results of LRWI
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Numerical experiment
Influence of the penalty parameters
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<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

1e-
2

1e0
1e2

150200250300350400 Model Error

�
<latexit sha1_base64="LlFlRQYbGpnq8HS2lKh0UfYgQDA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4rFTvr8o1P4+jAKdwBhcQwDXU4A7q0AAKj/AMr/DmJd6L9+59LFrXvHzmBP7A+/wBgs+PBw==</latexit>

�
<latexit sha1_base64="LlFlRQYbGpnq8HS2lKh0UfYgQDA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4rFTvr8o1P4+jAKdwBhcQwDXU4A7q0AAKj/AMr/DmJd6L9+59LFrXvHzmBP7A+/wBgs+PBw==</latexit>

�
<latexit sha1_base64="LlFlRQYbGpnq8HS2lKh0UfYgQDA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4rFTvr8o1P4+jAKdwBhcQwDXU4A7q0AAKj/AMr/DmJd6L9+59LFrXvHzmBP7A+/wBgs+PBw==</latexit>
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Numerical experiment
Comparisons of capability w.r.t the lowest frequency
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Conclusions
1. Through lifting the unknown parameters and relaxing the wave-
equation constraint, we propose the LRWI method to mitigate the 
local minima that conventional FWI suffers from. 

2. LRWI can start with poorer initial models and lower starting 
frequency compared to the conventional FWI and WRI.  

3. The computational cost of LRWI is larger than the conventional  
FWI and WRI.
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Waveform inversion and deep learning

Waveform  
inversion

Deep  
learning

Lift & Relax  
approach

Uncertainty  
quantification
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Deep prior generator
Input x

Output m

(a) Images from given models

(b) Images generated by deep network
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Research directions
Applications to statistical seismic 

inversions
Quality control for the generative 

network

MAP

Standard deviation

Distribution
Visualizable and quantitative  

measure for  the quality control  
of the deep generator


