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SUMMARY

As more and more resources are extracted from unconventional reser-
voirs, an understanding of the microstructure of reservoir rocks is
of increasing importance. Many conventional techniques struggle to
sense variations in the micro-structure and pore-fluids of rock samples.
The nonlinear coupling of two elastic waves is known to be sensitive to
these parameters, however, and so is a natural candidate to improve our
understanding of these structures. Here, we develop an experimental
technique to sense the nonlinear interaction of two propagating waves:
a strong S-wave pump that changes (minutely) the elastic properties
of the sample and a weaker P-wave probe that senses those changes.
By measuring the delay in the P-wave probe traveltime induced by the
S-wave pump, we show that this signal is significant in a Berea sand-
stone sample and absent in Aluminum and Plexiglass samples. The
polarization of the S-wave (particle motion aligned or perpendicular
to the P-wave probe) has a large impact on the measured response;
this is evidence that the signal we measure is sensitive to the micro-
structure of the rock. We show that the method is sensitive to fluids by
imaging the variations in two specific nonlinear parameters, caused by
the introduction of fluid into a Berea sandstone sample.

INTRODUCTION

The production of unconventional resources relies on permeability in
fractures. The characterization of such fractures, and the fluids within
them, is thus becoming more and more important. In addition to their
impact on anisotropy (Thomsen, 1995), both fractures and fluids con-
tribute to the nonlinear elastic response of a rock (Guyer and Johnson,
1999; Guyer et al., 1999; Guyer and Johnson, 2009). Because of this,
imaging the nonlinear parameters may improve our understanding of
this sort of resource.

The laboratory experiment described here is a first step toward this
goal. Building on work done in the resonance regime in medical imag-
ing, (Muller et al., 2005; Renaud et al., 2008, 2009) and for rock sam-
ples in (Johnson et al., 1991; D Angelo et al., 2004; Renaud et al.,
2012), we develop and test an experimental setup designed to image
changes in the nonlinear parameters throughout a sample. In our ex-
periment, we measure the non-linearity through a change, caused by
a propagating S-wave, in the traveltime of a propagating P-wave. In
other words, we look at the nonlinear interaction between two waves: a
low-amplitude P-wave probe that senses the change caused by a high-
amplitude S-wave pump. (We consider the pump to be changing the
elastic properties of the rock and the probe as sensing that change; this
probe/pump terminology is discussed further in Rivière et al. (2013).)

That nonlinear responses can be recorded in the field is established,
although most work has been done on soils (Johnson et al., 2009;
Lawrence et al., 2009; Cox et al., 2009), or at crustal scales (Rivet
et al., 2011). The closest work to that done here is the Dynamic
Acousto-Elastic Testing method developed in (Renaud et al., 2012),
which has been tested in the field in (Renaud et al., 2013).

We first establish that we are able to measure the change in P-wave
traveltime caused by the S-wave, in a Berea sandstone sample in the
lab. We look only at ‘direct’ waves, i.e. waves that have not reflected
from the boundaries of the sample, and assume that the sample is ho-
mogeneous and isotropic. (Measurements put the P-wave anisotropy
at approximately 1%.) A related experimental procedure is discussed

Figure 1: Experimental setup. The S-wave pump (top transducer) and
P-wave probe (left transducer) propagate into the material and inter-
act at approximately the location of the laser beam. The signals are
recorded on the receiver (right transducer) and the delay in the probe
traveltime is measured (see Figure 2) as a function of the phase delay
φ between the pump and probe. The data recorded with the laser are
used to calibrate the experiment and estimate the strain.

Sample
Vp 2450 m/s
Vs 1550 m/s
ρ 2700 kg/m3

Elastic modulus M = 16 GPa
Size 15×15×3 cm

Experimental
fpump 50 kHz
fprobe 500 kHz

Table 1: Experimental and sample parameters

from a theoretical perspective in (Belyayeva et al., 1994), but to our
knowledge it has not yet been performed in the laboratory. We then
apply this experimental procedure to two tests. First, we explore the re-
lationship between the polarization of the S-wave pump and the mag-
nitude of the nonlinear response. Second, we use a setup analogous
to a crosswell tomography experiment in our laboratory sample, and
attempt to localize a change in the nonlinear properties induced by the
introduction of fluid into the sample.

EXPERIMENTAL DESIGN

The goal of our experiment is to measure the traveltime delay in a
low-amplitude wave (the probe) caused by a high-amplitude wave (the
pump). This sort of wave-wave interaction is inherently nonlinear and
so measuring the magnitude of the traveltime delay gives us an idea of
the strength of the non-linearity. The experimental setup is shown in
Figure 1. We use a sample of Berea sandstone; the sample is nearly
isotropic, with moderate porosity and permeability. (The experimental
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and sample parameters are given in Table 1.) The pump wave is excited
with a Panametrics transducer that is glued to the sample for most
experiments. The probe transmitter is glued to the side of the sample,
with the receiving transducer glued to the opposite face of the sample.
All signals are recorded on the same receiving transducer glued to the
opposite side of the sample from the probe source.

This experiment looks at the interaction of two traveling waves, in
contrast to work such as Dynamic Acousto-Elastic Testing (Renaud
et al., 2012), in which changes are sensed in a sample at resonance.
For the traveling waves to interact, they must travel through the same
part of the rock at the same time. We achieve this by triggering the two
signals with a known time delay, φ , between them; this time delay is
then computed to be such that the two signals overlap.

In order to quantify the change in the probe signal induced by the
pump, the pump signal should be slowly varying compared to that of
the probe. In other words, the pump should not change phase (too
much) while the probe is interacting with it. To ensure that this is the
case, we use a 500 kHz probe wave and a 50 kHz pump. This differ-
ence in frequency allows us to assume that the pump wave does not
change significantly during its interaction with the probe at each delay
φ . We then vary the delay, φ , between the two signals through several
periods of the pump wave to observe the induced changes on the probe
caused by both directions (i.e. ±x) of particle motion. We use an S-
wave pump for two reasons. First, to have the particle motions of the
(P-wave) probe and pump aligned and second to be able to (relatively)
easily vary the particle motion by rotating the pump transducer.

The nonlinear effect we are looking for is small. The delays shown
below are on the order of a few tens of nanoseconds; the time for
the P-wave probe to travel across the sample is about 65 µs, so we
are measuring a delay that is 0.1% of the total traveltime. Although
making measurements this small in the field would be challenging, it
is not outside the realm of possibility. In order to extract such a small
signal, we developed the following procedure, illustrated in Figure 2:

1. record the pump signal (black), S1

2. record the probe signal with the pump off (blue), S2

3. record the wave mixing signal (red) (pump and probe both
on), S3

4. subtract S1 from S3 to obtain an estimate of the perturbed
pump signal (green), S4

5. cross-correlate the original probe signal, S2 with the perturbed
probe signal, S4 to obtain an estimated traveltime delay.

From this sequence of steps we obtain a single measurement of the
time-modulation of the probe pulse. We denote this measurement by
T M(φ) and repeat the experiment for φ ranging through several pe-
riods of the pump signal. As discussed below, we estimate the strain
induced by the pump to be ≈ 10−5 − 10−6 and that of the probe to
be ≈ 10−8. (Note that the driving amplitude of the pump is signifi-
cantly amplified to achieve the larger strain.) These numbers lead us
to believe that we can expect the pump to be inducing nonlinear ef-
fects and the probe not to be. This is exactly what we would like; the
S-wave pump is changing the elastic properties of the sample, while
the P-wave probe is not.

EXPERIMENTAL RESULTS

To verify that the response we record comes from the rock itself and
is not an artifact of the experimental setup, we perform the experiment
for three different materials, as shown in Figure 3. Both Aluminum
and Plexiglas are expected to be linear materials and we indeed see
that the measured time modulation in these two materials is signifi-
cantly smaller than that in the Berea sandstone sample. Note that for
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Figure 2: To measure the delay times, we record three signals: the
probe alone (original probe: blue, S2) the pump alone (black, S1), the
pump and probe together (wave mixing: red, S3). The second signal
is then subtracted from the first (S3−S1) to obtain the perturbed probe
signal (green, S4). This signal (green, S4) is then cross-correlated with
the original probe (blue, S1) and a delay time is obtained from the shift
in the peak of the crosscorrelation.
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Figure 3: Data for initial experiment; the time modulation, measured
with the correlation procedure described in the text and in Figure 2, as
a function of the phase delay between the two pulses. From this figure,
we conclude that the nonlinear signal we see is a property of the rock
and not of the measurement system; both Plexiglas and Aluminum are
expected to be linear materials.

this experiment, the data are displayed as a function of phase shift in
periods, rather than in µs; this is because the different materials have
different speeds and thus wavelengths. Using periods allows a more
direct comparison.

Figure 4 shows the experimental results for the Berea sandstone de-
scribed above, for six cycles of the pump, with several small modifica-
tions to increase the pump amplitude (and thus that of the delay times)
compared to that in Figure 3.

In gray in the top plot, we compare the measured pump signal to a
linear elastic model. On the same plot in black, we plot the measured
traveltime delay T M as a function of φ , (the phase difference between
the pump and probe waves). The delay time measurements contain
signal at different frequencies; we show the filtered signal in each of
these frequency bands in the lower plot. The higher frequency signal
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Figure 4: Top: Recorded data in Berea sandstone sample (solid black
line) along with fit using equation 4 (dashed black line), to recover
β = −542 and δ = −3× 109. In gray are the measured (solid) and
modeled (dashed) particle velocity measured with the laser vibrometer
on the surface of the sample in the wave-interaction region. Bottom:
Data from top plot filtered to highlight the two scales of variation. The
fast varying (blue) curve is fit to obtain β and the slowly varying (red)
curve is fit to obtain δ .

is at the same frequency as the pump wave itself (compare the blue
signal in the lower plot with the measured pump signal in gray on the
top plot), while the second is much lower frequency. This suggests that
we will require at least two parameters to fit the data. This is discussed
further below.

One of the most important observations of the signals in Figure 4 is
that there are no values of the phase delay φ that result in an increase
in velocity of the P-wave probe, i.e. all recorded time shifts are delays
in the probe arrival time. This indicates that the S-wave pump is acting
to soften the rock. We see the effect of the frequency of the pump in
the higher-frequency signal, but the magnitude of the low-frequency
signal ensures that we record only delays. We initially believed that
this effect could come from so-called slow-dynamics (Ten Cate and
Shankland, 1996), but a careful study of the effect of the time between
measurements proved that this is not the case (Gallot et al., 2014). Our
current hypothesis is that this softening is caused by a hysteresis in the
response of cracks to the passing S-wave (e.g. Holcomb, 1981; Scholz
and Hickman, 1983).

Recovering Nonlinear Parameters, β & δ

As noted above, the dual-frequency nature of the measured data sug-
gest that two parameters will be required to explain them. In this sec-
tion, we describe two such parameters, β and δ described in more
detail below. These parameters are well-established in the nonlinear
characterization of materials, and are reported in (Renaud et al., 2012)
for a variety of samples and strain regimes. They were also measured
in static experiments in the laboratory in (Hughes and Kelly, 1953). To
explain the nature of these parameters, we give a very brief derivation,
more details can be found in (McCall, 1994; Van Den Abeele, 1996).
For static strains in one dimension, these parameters can be related to
the third-order elastic constants (Landau and Lifshitz, 1986, p 107).

The root of the nonlinear wave interactions comes from a nonlinear
relationship between stress and strain. More specifically, rather than a
traditional Hooke’s law

σ = Mε (1)

in which σ is the stress, M is an elastic modulus, and ε is the strain,

we use
σ = M(ε +βε

2 +δε
3) , (2)

where β and δ are the nonlinear parameters we hope to recover.

In order to recover β and δ , we need an estimate of ε . We cannot
measure the strain directly in-situ and so we resort to the following
method to obtain an estimate:

1. Measure the particle velocity, vmeas on the surface of the sam-
ple with the laser vibrometer as marked in Figure 1

2. Use the signal recorded by the vibrometer in step 1. as a
source in a finite difference model (using the method devel-
oped by Virieux (1986); Graves (1996)) to obtain modeled
velocity vmod and stress σmod

3. Scale the modeled velocity vmod , from the finite-difference
model in step 2. to match the measured amplitude, vmeas in
step 1., obtaining the scaling factor s

4. Scale the modeled stress by s

5. Use a linear Hooke’s law to compute the strain εmod , through-
out the sample.

Although we do not expect this method to be extremely accurate, we
expect the distribution and order of magnitude of the strain to be well
estimated. It is from this procedure that we estimate that ε ≈ 10−8 for
the probe and 10−5 or 10−6 for the pump.

With the estimated strain, we can now obtain an estimate of β and δ .
To do this, we must first relate the time modulation, T M to σ . As
detailed in (Gallot et al., 2014; Renaud et al., 2011) this can be done
using the two expressions

dT =
−dl
2c

dM
M

(3)

dM
M

= βε +δε
2 , (4)

where T is the traveltime along the path, l is the path length and M
is the elastic modulus. There is an ambiguity in the above equation
coming from the fact that the strain is represented here as a scalar.
This is a relic of the 1D nature of the original theory; from a theoretical
viewpoint it is not completely clear what should be used. We choose
the total strain (trace of the strain tensor), integrated along the probe
path and averaged over the pump beam width. We choose the total
strain because it stands to reason that a compressional wave will sense
strain in all directions. We integrate along the probe path because
we have a non-planar probe excitation and thus the strain distribution
changes along the path. We average over the beam width of the pump
to compensate for the finite frequency of both the pump and probe.

The nonlinear parameters, β and δ are then obtained by fitting the
recorded time modulation to the calculated strains. Note that because
the input signal is ∝ cosωpumpt the strain is also ∝ cosωpumpt and
ε2 ∝ 1 + cos2ωpumpt allowing us to separately estimate β and δ by
appropriate filtering. The fits obtained in this way are shown in Fig-
ure 4. We see that despite the many approximations made the theory
does account for most of the measured signal. We note also that our
recovered values of β =−542 and δ =−3×109 are in general agree-
ment with those reported in (Renaud et al., 2012) for similar samples.
Understanding the implications of these assumptions, as well as the
interpretation of what the values of β and δ mean (keeping in mind
they are strain dependent) is a subject of current work.

Changing the Polarization of the Pump

Although the exact mechanisms causing non-linearity are not clearly
understood, it is clearly observed that damaged, fluid-filled, samples
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Figure 5: Measured delay times for different pump polarizations. The
legend gives the angle (in degrees) between the particle motion of the
pump and probe waves; the probe wave particle motion is always along
the x-axis. The magnitude of the measured delay times decreases when
the polarizations are not aligned; the differences may be caused by
differences in the pump wave’s effect on the microstructure of the rock.

are more strongly nonlinear (Guyer and Johnson, 2009). Because of
this, we expect the magnitude of the nonlinear signal to be correlated
with micro-crack structure as well as fluid content. We therefore ex-
pect that changing the relative orientation of the particle motions of the
pump and probe will change the strength of the nonlinear interaction.
To explore this, we repeat the experiment described above with four
cycles of different polarizations of the S-wave pump.

In the experiments described in the previous sections, we glue the
transducers to the sample in order to ensure, and maintain, good cou-
pling between the rock and transducer. Looking at different polariza-
tions requires us to physically turn the transducer, however, so instead
of gluing it to the sample, we use a shear wave couplant and place a
weight on top of the transducer to ensure repeatable coupling.

The results of this experiment are shown in Figure 5. The legend gives
the angle between the P-wave particle motion (always along x in Fig-
ure 1) and the S-wave particle motion (ranging from along x (0◦ and
180◦ to along y (90◦)). The data are shown filtered into the same two
frequency bands described above for the estimation of β and δ . The
consistency of the results between 0◦ and 180◦ shows that we have
indeed achieved very consistent coupling of the pump transducer. The
decrease in signal magnitude in both frequency bands when the polar-
ization is turned so that the particle motions of the two waves are no
longer aligned is a strong indication that the signal is sensing the mi-
crostructure. We hypothesize that what is happening is that when the
particle motions of the two waves are aligned the high-amplitude S-
wave pump is perturbing cracks with their normals in the x-direction.
These are the same cracks that we would expect the P-wave pump to
be most sensitive to, thus having the largest effect on its traveltime.
The exact perturbation the shear wave induces on these cracks could
be an open/closing perturbation, but because it is generating a shear
stress and not a tensile stress, it could also be rotating or perturbing
the cracks in another way.

A PRELIMINARY IMAGE

As stated in the introduction, this work is meant to be a stepping stone
on the path to forming and interpreting an image of subsurface non-
linearity. To that end, we now test whether our method can be extended
to sense regions with different nonlinear properties, β and δ . To cre-
ate a sample in which β and δ are not homogeneous, we introduce a
penetrating oil (WD-40) into the original Berea sample at two loca-
tions, with different amounts of oil at each location. We then setup a
cross-well experiment in which a single source is moved to six differ-

Figure 6: A preliminary (normalized) image made of the delay times
using a crosswell-like array of 6 sources and receivers. The measured
delays are back-projected along beams to obtain the image seen here;
the smearing is a result of the relatively low sampling. The black cir-
cles mark the locations at which a small amount of fluid (WD-40) was
introduced into the samples.

ent positions on one side of the sample and the response is recorded
simultaneously on six transducers glued to the other side of the sam-
ple. All other parameters of the experiment remain as described above
and summarized in Table 1.

Once we have collected the data set and computed the delays times
on each of the 36 source/receiver pairs, we do a simple tomography
to estimate the nonlinear parameters throughout the sample. Specifi-
cally, we take the measured delays and spread them over the (straight)
ray-path from the source receiver as in a very simple iteration of trav-
eltime tomography. The results are shown in Figure 6. Although the
result is blurry, we certainly seem to have recovered the locations of
the anomalies. This is still a preliminary result, there remain many
questions about the origin of the difference and its magnitude. The
most pressing of these is the role of attenuation on the result. It is
well known that the presence of fluid causes attenuation (e.g. Winkler
and Murphy, 1995), and we definitely see a significant change in the
recorded signals that may be because of this effect. We are working to
understand how much the attenuation effects the quality of our mea-
surements of the nonlinear parameters as well as whether the image
made with this nonlinear imaging method give higher resolution or
more information than an image of the attenuation itself. We expect
the nonlinear image to be, at the least, more robust, since it is based on
traveltime, rather than amplitude, measurements.

CONCLUSIONS

We have designed an experiment to image the nonlinear parameters, β

and δ of an unbounded rock sample. We have shown that it is possible
to record the traveltime delay in a P-wave probe caused by a propa-
gating S-wave pump signal in an experiment designed for finite-sized
samples. We have given preliminary evidence that the signals are sen-
sitive to the microstructure of the rock, specifically the orientation of
cracks. We have further shown that it is possible to do a simple to-
mography to form a preliminary image of the variation of β and δ

in the sample. This opens up the possibility of imaging the nonlinear
parameters of rocks both in the lab, and in the future in the field.
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