
The sensitivity of converted-phase extended images to P- and S-wavespeed variations
Andrey H. Shabelansky∗, Earth Resources Laboratory, Massachusetts Institute of Technology; Alison Malcolm, Memo-
rial University of Newfoundland; and Michael Fehler, Earth Resources Laboratory, Massachusetts Institute of Tech-
nology

SUMMARY

Converted-phase (CP) imaging produces high resolution im-
ages and can be used effectively for updating both P- and S-
wave speed models with an optimization scheme that is for-
mulated in the extended image domain. This optimization is
referred to as source-independent converted-phase WEMVA
(SICP-WEMVA). However, the convergence of the optimiza-
tion scheme depends on the selection of parameters and the
formulation of the objective functions and their gradients. In
this study, we investigate the sensitivity of the extended im-
ages for SICP-WEMVA to the domain where the objective
function is formulated. We derive analytically the behavior
of the seismic energy (i.e., seismic moveout) in the extended
horizontal and vertical subsurface space-lag images as a func-
tion of P- and S-wave speed variations, and compare them
with numerical results. The results of the moveout analysis
demonstrate that the extended vertical subsurface space-lag
images have higher sensitivity to the background P- and S-
wave speed variations than the horizontally extended images
and thus may have significant implications on the resolution
and convergence of the SICP-WEMVA.

INTRODUCTION

In recent years, full waveform velocity analysis methods have
become standard and the use of elastic waves is now drawing
more attention. Converted phase (CP) waves are an integrated
part of the recorded elastic seismic signal and are investigated
in numerous studies in the research areas of VSP data (e.g., Es-
mersoy, 1990; Stewart, 1991; Xiao and Leaney, 2010), surface
reflection (e.g., Purnell, 1992; Stewart et al., 2003; Hardage
et al., 2011) and transmission seismic data (e.g., Vinnik, 1977;
Vinnik et al., 1983; Bostock et al., 2001; Rondenay et al., 2001;
Shang et al., 2012; Brytic et al., 2012; Shabelansky et al., 2014).
In particular, e.g., Xiao and Leaney (2010) and Shang et al.
(2012) show that converted phase seismic images can be calcu-
lated using one elastic wave propagation without using source
information (i.e., location, mechanism, time-function), and may
have higher resolution and fewer artifacts than reflection type
imaging (Shabelansky et al., 2012). Shabelansky et al. (2013,
2015) presented an analysis for updating elastic P and S wave
speed models based on the source independent converted phase
imaging framework in the so-called extended image gather
domain. This analysis is referred to as source-independent
converted-phase WEVMA (SICP-WEMVA). For this technique,
the misfit function is calculated in the extended image gather
domain from the interference between P and converted S (or/and
S and converted P) waves, and we call the distribution of this
wave interference its moveout. The investigation of the move-
out behavior is of a great importance because it shows how

errors in P- and S-wave speeds translate to different shaped
curves in the extended images, and thus may affect the choice
of minimization algorithm and improve the accuracy and con-
vergence of SICP-WEMVA.

In this study we investigate analytically and numerically the
behavior of the moveout for SICP-WEMVA as a function of
P- and S-wave speed models. The study is divided into two
parts. In the first part, we present an analytical derivation of
the moveouts in the extended horizontal subsurface space lag
image gather domain and compare the analytical with numer-
ically calculated moveouts. In the second part, we conduct
the same study in the extended vertical subsurface space lag
images and present the advantages of vertical over horizontal
extended image gathers.

MOVEOUT DERIVATION FOR SICP-WEMVA

Horizontal subsurface space-lag image gather
We begin our derivation of the moveout for SICP-WEMVA (Sha-
belansky, 2015) with equations for travel times between a con-
version point in the subsurface at (x0,z0) and recordings of the
P- and S-waves at two receivers at the surface at (xp,0) and
(xs,0) (see Figure 1). The travel time for the P-wave is given
as

tp =
dp

α0
=

√
(xp − x0)2 + z2

0

α0
, (1)

and for the S-wave as

ts =
ds

β0
=

√
(xs − x0)2 + z2

0

β0
, (2)

where dp and ds, are the P- and S-wave distances, α0 and β0
are the true P- and S-wave speeds, and the distance between
two receivers is b = xp − xs.

The horizontally extended SICP imaging condition, given in
Shabelansky et al. (2015), for a single source is:

I(x0,hx,z) =
∫ 0

T
up(x0 +hx,z, t) ·us(x0 −hx,z, t)dt, (3)

where I(x0,hx,z) is the horizontally extended image (i.e., com-
mon image gather), and up and us are the displacement (vector)
wavefields.

To mimic the kinematics of the extended imaging condition in
equation 3, we analyze the interference of the wavefields in the
horizontal space-lag extended image point (gather) by shifting
the S-wave by hx to the left (i.e., −hx) and the P-wave by hx
to the right (i.e., +hx) and keeping the same propagation travel
times as those given in equations 1 and 2 (see Figure 2(a)). We
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compute the travel times for the migration wave speeds, α1
and β1, so for the P-wave travel time, we obtain,

tp =

√
(xs +b− x0 −hx)2 + z2

α1
, (4)

and for the S-wave,

ts =

√
(xs − x0 +hx)2 + z2

β1
. (5)

Note that z = z0 ± δ z where δ z is defined within the bars in
Figure 2(a).

Then, we enforce that these travel times are equal to the recorded
times. For the P-wave, we equate equations 1 and 4, and ob-
tain:

(xs +b−x0)
2 + z2

0 =

(
α0

α1

)2 [
(xs +b− x0 −hx)

2 + z2
]
, (6)

or

(xs − x0)
2 + z2

0 =

(
α0

α1

)2 [
(xs +b− x0 −hx)

2 + z2
]

−2(xs − x0)b−b2, (7)

and by equating equations 2 and 5 for the S-wave, we obtain:

(xs − x0)
2 + z2

0 =

(
β0

β1

)2 [
(xs − x0 +hx)

2 + z2
]
. (8)

Next, we equate the left hand-sides of equations 7 and 8, and
rearrange to obtain:

z(hx) = z =±

√√√√√√
(

β0
β1

)2
(xs − x0 +hx)2 −

(
α0
α1

)2
(xs +b− x0 −hx)2 +2(xs − x0)b+b2(

α0
α1

)2
−
(

β0
β1

)2 . (9)
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Figure 1: The path of the interfering P- and S-waves from a
conversion point in the subsurface with two receivers at the
surface.

The same procedure is applied for analyzing the inference when
we shift the S-wave by hx to the right (i.e., +hx) and the P-
wave by hx to the left (i.e., −hx) (see Figure 2(b)). The final
equation for this case is obtained by replacing hx with −hx in
equation 9.

Equation 9 shows how the depth, z, of the moveout changes as
a function of the horizontal space lag, hx, for fixed ratios be-
tween the true and migration P- and S-wave speeds, α0/α1 and
β0/β1, the subsurface horizontal position x0, the surface posi-
tion of the S-wave receiver, xs, and its distance to the P-wave
receiver, b. Note that z here does not behave hyperbolically
as in standard WEMVA (e.g., Sava and Fomel, 2006; Mul-
der, 2014). Note also that the equation 9 is not well defined
when the denominator is zero (i.e., (α0/α1)

2 − (β0/β1)
2 = 0)

and z may become complex for certain values of (α0/α1)
2 and

(β0/β1)
2. Note however, that this is a limitation of the analyti-

cal derivation and not of the image construction in the extended
domain, as will be shown below with the numerical results.

We are calculating the travel times of the interference and its
corresponding depth, which implicitly makes a high frequency
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Figure 2: The paths of the interfering P- and S-waves for the
extended space-lag imaging condition: (a) horizontally shift-
ing P-wave to x0 + hx and S-wave to x0 − hx, (b) horizontally
shifting P-wave to x0 −hx and S-wave to x0 +hx, (c) vertically
shifting P-wave to z+ hz and S-wave to z− hz, and (d) verti-
cally shifting P-wave to z−hz and S-wave to z+hz. The bars
at the points (x0 −hx,z), (x0 +hx,z), (x0,z−hz) and (x,z+hz)
indicate that the interference is depth dependent.
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assumption, in which the travel times appear in the phase term
of the integral in equation 3. To determine the location of the
receiver at which we would see the dominant contribution, we
apply the method of stationary phase to solve for b, i.e. we
compute

dz
db

= 0, (10)

and obtain

b =

((
α0
α1

)2
−1
)
(x0 − xs)±

(
α0
α1

)2
hx((

α0
α1

)2
−1
) . (11)

By inserting b from equation 11 into equation 9, we remove
the dependence of z on b.

Results
To show the behavior of the moveout, z(hx), in equation 9, we
plot them in Figure 3 for a fixed x0 = 2000 m and xs = 4000 m,
and for varying P- and S-wave speed ratios. Three main ob-
servations can be deduced from this Figure. First, different
P-wave speed perturbations correspond to different moveout
slopes (see for example Figure 3(a)). Second, different S-wave
speed perturbations correspond to different intercepts of the
moveouts at hx = 0 (n.b. the intercept in Figure 3(b) should be
negative however is not defined because the moveout at nega-
tive z(hx = 0) is complex/imaginary). These two observations
suggest that S-wave perturbation is more sensitive to vertical
effects whereas the variations in the P-wave speed are more
prone to horizontal effects. Physically, this may be explained
by the fact that the travel path of the S-wave is more vertical
than that of the P-wave (see Figure 1). The third observation
is that when the denominator of equation 9 changes sign, the
behavior of the moveout could become very complicated (see
how the slopes and intercepts vary in Figures 3(c) and 3(d)).

To understand the behavior of the analytical moveouts in the
horizontally extended domain, we numerically calculate the
extended image gathers (Figure 4) using a 2D finite-difference
pseudo-spectral solver and SICP imaging condition (Shabelan-
sky, 2015, app. A and chap. 2). We calculate these extended
images with correct and incorrect P- and S-wave speeds, as
shown in the legends and caption of Figures 3 and 4, respec-
tively. In Figure 4, we show these image gathers calculated
for a single horizontal layer at the depth of 1 km. Note that
the analytical moveouts in Figure 3 correspond to numerical
moveouts in Figure 4 below 1 km depth. Note also that the an-
alytical and numerical moveouts are slightly off because the
numerical results were calculated with smoothed P- and S-
wave speeds in order to prevent artificial/numerical artifacts.
Three main observations are deduced from the comparison be-
tween Figures 3 and 4. First, we observe that the energy in
Figure 4 moves along hx = 0 with the perturbation of the back-
ground P- and S-wave speeds so the sensitivity to the wave
speed errors is very high around the intercept (i.e., hx = 0). We
also observe the weak spread of the energy outside of hx = 0
as a function P-wave speed perturbation, as predicted by the
analytical moveouts (Figure 3). Second, even with the cor-
rect wave speeds (Figure 4(a)), we observe defocusing, as pre-
dicted in Figure 3(a) (see the red curve that describes best the

moveout with the correct wave speeds; n.b., when the P- and
S-wave speed ratios are equal, the analytical moveout is not
well defined). Note however that in practice this defocusing,
with the correct wave speeds, is typically suppressed by inter-
faces located above and below the target interface. The third
observation is that the amplitude/wavelet of focusing signal
is stretched for high P-wave speed ratios (slow migration P-
wave speeds) or/and low S-wave speed ratios (high migration
S-wave speeds) and squeezed conversely.
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Figure 3: Analytical moveouts for SICP-WEMVA of z(hx) for
a single interface with squared ratios between true and per-
turbed P- and S-wave speeds, shown above at each result.

Because we observed in Figure 3 that the slopes of the move-
outs along hx are sensitive to the perturbations in P-wave speed
and the intercepts to the S-wave speed, and in Figure 4 most
of the interference energy varies around hx = 0, we derive and
calculate the analytical moveouts and compute the numerical
image gathers along the vertical space lags (i.e., hz). Note
that our primary goal is to investigate the dependence of the
moveouts on P- and S-wave speed variations and to separate
them into different domains so that the objective function of
the SICP-WEMVA will be more sensitive and the algorithm
will converge faster.

Vertical subsurface space-lag image gather
The derivation of moveout z(hz) follows the same steps as
those for z(hx) for the following vertically extended SICP imag-
ing condition

I(x0,z,hz) =

∫ 0

T
up(x0,z+hz, t) ·us(x0,z−hz, t)dt, (12)

where

z(hz) = z1,2 =
−B±

√
B2 −4AC

2A
(13)

with

A =

(
α0

α1

)2
−
(

β0

β1

)2
, (14)

B =±2hz

((
α0

α1

)2
+

(
β0

β1

)2
)
, (15)
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Figure 4: Extended horizontal subsurface space lag im-
age gathers, I(z,hx), numerically calculated with P-
and S-wave speeds

(
(α0/α1)

2,(β0/β1)
2): (a) (1,1),

(b) (0.83,1),(c)(1.266,1), (d) (1,1.23),(e)(1,0.83), (f)
(1.266,.0.84)

and

C =

((
α0

α1

)2
−
(

β0

β1

)2
)[

(xs − x0)
2 +h2

z

]
+

((
α0

α1

)2
−1

)[
2(xs − x0)b+b2

]
, (16)

where for the stationary phase

b =−(xs − x0) . (17)

Note that ± in equation 15 corresponds to the positive and neg-
ative vertical shifts of the P- and S-wavefields (see Figures 2(c)
and 2(d)).

By plotting the moveouts z(hz) (equation 13) in Figures 5 (a)
and (b), we observe that the slope of the moveout is sensitive
to variations in both P- and S-wave speeds and not only to the
P-wave variation as was the case in Figure 3 with the move-
outs along the horizontal subsurface space lags, hx. The verti-
cal moveouts calculated numerically in Figures 5 (c)-(e), with
variations shown in the caption of this Figure, also demonstrate
this observation. This behavior shows that the objective func-
tion will most likely be more sensitive to both wave speed vari-
ations, which may have significant implications on the resolu-
tion and convergence of the SICP-WEMVA for optimization
of the background wave speeds. The numerical investigation
of the resolution and convergence of SICP-WEMVA with ob-
jective functions and gradients from vertical extended images
is the subject of future research.
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Figure 5: Analytical moveouts for SICP-WEMVA of z(hz)
for a single interface. The squared ratios between true and
perturbed P- and S-wave speeds (e.g., (α0/α1)

2,(β0/β1)
2),

shown in the legends and titles in (a) and (b). Extended vertical
subsurface space lag image gathers, I(z,hz), numerically cal-
culated with P- and S-wave speeds

(
(α0/α1)

2,(β0/β1)
2): (c)

(1,1), (d) (1,0.83), (e) (1.266,.0.83). Note that the slopes of the
moveouts, both analytical and numerical, depend on variations
in both P- and S-wave speeds.

CONCLUSIONS

In this study, we presented analytical derivations of the move-
outs for SICP-WEMVA in the horizontal and vertical subsur-
face space-lag extended image domains. We compared the
analytical and numerical moveouts and demonstrated that in
the horizontally extended domain, the perturbations in P-wave
speed correspond to different slopes and those in S-wave speed
to different intercepts. However, in the vertically extended do-
main, the perturbations in both P and S-wave speeds affect the
slopes. These observations suggest that we are able to sep-
arate the background wave speed perturbations into different
extended image domains, and thus have significant implica-
tions on the accuracy and convergence of the SICP-WEMVA
optimization.
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