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1. Introduction

Natural or man-made fractures often present in petroleum res-
ervoirs and play a significant role in oil-bearing and migration 
pathways. The good understanding of fracture characteristics 
is of great practical importance for activities like forecasting 
reservoir performance, mine and well stability, and carbon 
dioxide sequestration.

There are several approaches for modeling the seismic 
response of fractured media (Liu et al 2000). The effective 
medium approach is most commonly used when fracture 
dimensions and spacings are small relative to the seismic 
wavelength. The Hudson theory (Hudson 1980, 1981, 1996) 
is a model for isolated oblate spheroidal penny-shaped cracks 
embedded in an isotropic solid where the short axis of ellipsoids 
is equal to the fracture aperture and the long axis is equal to 

Estimating the fracture density  
of small-scale vertical fractures when  
large-scale vertical fractures are present

Yuwei Liu1, Ning Dong1, Mike Fehler2, Xinding Fang2 and Xiwu Liu1

1 Petroleum Exploration and Production Research Institute, Sinopec, Beijing 100083, People’s Republic 
of China
2 MIT, Boston, MA 02139, USA

E-mail: liuyw.syky@sinopec.com

Received 7 August 2014, revised 29 December 2014
Accepted for publication 19 January 2015
Published 14 April 2015

Abstract
Fractures in reservoirs significantly affect reservoir flow properties in subsequent years, which 
means that fracture characteristics such as preferred orientation, crack density or fracture 
compliance, what filling is in the fractures and so on are of great importance for reservoir 
development. When fractures are vertical, aligned and their dimensions are small relative to the 
seismic wavelength, the medium can be considered to be an equivalent horizontal transverse 
isotropic (HTI) medium. However, geophysical data acquired over naturally fractured reservoirs 
often reveal the presence of multiple fracture sets. We investigate a case where there are two 
vertical sets of fractures having differing length scales. One fracture set has length scale that 
is much smaller than the seismic wavelength but the other has length scale that is similar to 
the seismic wavelength. We use synthetic data to investigate the ability to infer the properties 
of the small-scale fractures in the presence of the large-scale fracture set. We invert for the 
Thomsen-type anisotropic coefficients of the small-scale fracture set by using the difference of 
the P wave amplitudes at two azimuths, which makes the inversion convex. Then we investigate 
the influence of the presence of the large-scale fractures on our ability to infer the properties of 
the small-scale fracture set. Surprisingly, we find that we can reliably infer the fracture density 
of the small-scale fractures even in the presence of large-scale fractures having significant 
compliance values. Although the inversion results for Thomsen-type anisotropic coefficients of 
small-scale fractures for one model are not good enough to figure out whether it is gas-filled or 
fluid-filled, we can find a big change of Thomsen-type anisotropic coefficient ε V( ) between the 
models in which small-scale fractures are filled with gas and fluid.
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the fracture length. The linear-slip theory (Schoenberg 1980, 
1983) considers fractures as planes of weakness with non-
welded boundary conditions and has an excess compliance that 
leads to an effective compliance tensor of the medium. Then 
the background and fracture parameters can be related to the 
Thomsen-type anisotropic coefficients (Rüger 1997, Thomsen 
1986, 1988, 1995), which describe the influence of anisotropy 
on various seismic signatures. When fractures are much larger 
than the seismic wavelength, the fractures will scatter the inci-
dent seismic waves and generate complex waveform codas.

We cannot directly image the fractures from seismic meas-
urements, but various seismic attributes can give us informa-
tion about fracture orientation, intensity (fracture density or 
normal and tangential compliance) and sometimes what fluid 
is in the fractures and hence to characterize fractured reser-
voirs (Hall and Kendall 2003, Luo and Evans 2004, Jakobsen 
et al 2007). Rocks with vertical cracks or fractures can be con-
sidered as equivalent HTI media. Well-developed methods for 
characterizing HTI media from seismic data are shear wave 
splitting and AVAZ (amplitude variation with offset and azi-
muth) when wavelength is much larger than fracture dimension 
(Gutierrez 2009). Scattered waves can provide information to 
extract fracture properties when the wavelength is approxi-
mately the fracture dimension (Fang et al 2013b). However, 
when fracture sets having differing orientations exist, the 
seismic amplitude response will be more complicated. In this 
paper, we assume that the isotropic host rock has two ver-
tical sets of fracture with differing length scales. Analysis of 
the variation of reflectivity as a function of both azimuth and 
incident angle can provide information about the subsurface 
small-scale fracture anisotropy when wavelength is much 
larger than the small-scale fracture dimension but approxi-
mate to large-scale fracture dimension. Once Thomsen-type 
anisotropic parameters are extracted, the fracture density can 
be determined (Liu et al 2012). To identify the small-scale 
fracture density by seismic reflection data, it is useful to com-
pare the inversion results for models with different large-scale 
fracture compliance.

2. Theory and methods

The compressional plane wave reflection coefficient for an 
HTI medium can be described as a function of the polar inci-
dent angle θ and azimuthal phase angle φ relative to the sym-
metry axis in the approximate form as (Rüger and Tsvankin 
1995, Rüger 1996, 1997)
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where α and β are the isotropy-plane velocities of P- and 
S-wave, respectively. G is the vertical shear modulus and 

ρβ=G 2 corresponds to the vertically propagating S-wave. 
ρα=Z  is the vertical P-wave impedance. The ‘—’ means 

average quantities e.g. = +Z Z Z /22 1  and ‘Δ’ is the differ-
ences between lower and upper medium parameters e.g. 
Δ = −Z Z Z2 1. The index 1 corresponds to the upper medium 
and the index 2 to the lower medium.

γ γ
γ
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where γ is the generic Thomsen parameter. γ V( ), δ V( ), ε V( ) 
are the Thomsen-type anisotropic coefficients for the HTI 
medium.

Choosing two azimuths φ and φ η+ , the difference of their 
reflection coefficients ΔR for the same incident angle can be 
expressed as
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It is more direct to determine the Thomsen-type anisot-
ropy parameters using equation  (3) than equation  (1) since 
terms involving α and β have dropped out, so we invert for 
Thomsen-type anisotropy parameters using the difference of 
data at two azimuths.

The inversion for anisotropy parameters from measured 
AVAZ data is done using a genetic algorithm. The cost func-
tion for the inversion is given by
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where

Δ φ η θ Δ φ η θ= = …( )A A k K( , , ) max , , , ( 1, 2, , )i j k i j k (5)

A means measured reflection amplitude and ΔA is amplitude 
difference between azimuths φ and φ η+ . ωij is a weighting 
coefficient. Then shear-wave splitting parameter γ V( ) pro-
vides a way to quantify crack density e using (Bakulin et al 
2000).

γ= −
e

g3(3 2 )

8

V( )

 (6)

where β α=g /2 2, α and β are the background P- and S-wave 
velocities.
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3. Model and synthetic data

Our model consists of three layers. The first and third layers 
are isotropic while the second one is an HTI medium equiv-
alent to one containing vertical small-scale fractures whose 
properties are listed in table 1. The HTI medium properties 
are determined from the fracture properties using the Hudson 
theory and aspect ratio is 0.001. Figure  1 shows the varia-
tion of reflection response with incident angle and azimuth 
measured from synthetic data when there are just gas-filled 
small-scale fractures. The azimuthal variation in the reflection 
coefficients can be used to find the strike of the fractures. As 
azimuth increases from 0 degrees to 90 degrees, the reflection 
coefficient value decreases at the same incident angle in our 
example.

We add a set of vertical large-scale fractures to the second, 
HTI, medium and describe them by using the linear-slip 
theory. We assume the normal and tangential compliances of 
the large-scale fractures (ZN and ZT) are equal. What is more, 
the strike of the large-scale fractures is taken to be either  
parallel or perpendicular to that of the small-scale ones  

Table 1. Model parameters.

Parameter First layer Second layer Second layer Second layer Third layer

Small-scale fracture None Gas Water Carbon dioxide None
Depth 400 m 800 m 800 m 800 m 1000 m
γ 0 0.0974 0.0989 0.0989 0

δ V( ) 0 −0. 1705 −0.1004 −0.1007 0

ε V( ) 0 −0.1635 −0.0039 −0.0045 0

α 4700 m s−1 5200 m s−1 5200 m s−1 5200 m s−1 4500 m s−1

β 2450 m s−1 3000 m s−1 3000 m s−1 3000 m s−1 2240 m s−1

ρ 2.4 g cm−3 2.59 g cm−3 2.59 g cm−3 2.59 g cm−3 2.3 g cm−3

e 0 0.08 0.08 0.08 0

Note: Three models were studied by changing the properties of the fluid filling the fractures.

Figure 1. Reflection coefficient versus incident angle and azimuth 
for the HTI medium (small-scale fractures filled with gas) used for 
our study.

Figure 2. Sketch of the parallel fracture model. Offset and azimuth 
of receiver for traces shown in figure 9 are 400 m and 30 degrees, 
respectively.

Figure 3. Sketch of the parallel fracture model. Offset and azimuth 
of receiver for traces shown in figure 10 are 400 m and 30°, 
respectively.

J. Geophys. Eng. 12 (2015) 311
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(figures 2 and 3). The large-scale fracture spacing is 50 m. We 
use a finite difference method (Coates and Schoenberg 1995, 
Fang et al 2013a) to generate synthetic data (figures 4 and 5). 
The scheme allows the simulation of the seismic response in 
a medium containing large-scale fractures embedded within a 

general HTI medium. We use a Ricker wavelet source with a 
center frequency of 40 Hz. Thickness of the upper layer is 400 m.

Figure 6 shows the reflection response measured from 
synthetic data when large-scale fracture normal and tangen-
tial compliance are 0.1   ×   10−9 m Pa−1. Along the azimuth 

Figure 4. Z-component of motion for the P-wave reflected for the parallel fracture model. Large-scale fracture compliance is 
0.1  ×  10−9 m Pa−1 while small-scale fractures are gas-filled. Azimuth is defined in sketch of the parallel fracture model. (a) Azimuth 0°,  
(b) azimuth 30°, (c) azimuth 45°, (d) azimuth 60°, (e) azimuth 90°.

J. Geophys. Eng. 12 (2015) 311
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increases from 0 degrees to 90 degrees, the reflection ampli-
tude measured from forward data decreases at the same inci-
dent angle for the parallel fracture model, so the variation of 
reflection response with azimuth still works well to estimate 
small-scale fracture strike.

When we compare the reflection amplitude for the model 
that has large-scale fractures with those for a model that does 
not include large-scale fractures, we find that they are different 
when large-scale fracture compliance is 0.1   ×   10−9 m Pa−1. 
We assume that the differences are caused by large-scale 

Figure 5. Same as figure 4 but for the perpendicular fracture model.

J. Geophys. Eng. 12 (2015) 311
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fractures. Figures 7 and 8 show that the influence derived for 
the perpendicular large-scale fracture model is larger than for 
the parallel large-scale fracture. In order to invert for small-
scale fracture information for the parallel or perpendicular 
fracture model, it will be better if we can reduce the effect 
on reflection information derived from large-scale fractures. 
Using the difference of reflection response at two azimuths 
can reduce most of the influence caused by large-scale frac-
tures at near zero offset. Although this method could not work 
well when the incident angle increases, it still reduces some 
influence caused by large-scale fractures.

To study the effects of large-scale fractures on our ability 
to characterize the small-scale fractures, we vary the large-
scale fracture compliances from 0.02   ×   10−9 m Pa−1 to 

Figure 6. Reflection response versus incident angle and azimuth for 
the parallel model with large-scale compliance of 0.1  ×  10−9 m Pa−1 
(small-scale fractures are gas-filled). The response was derived from 
the Z-component of the data.

Figure 7. Difference of reflection responses versus incident angle 
and azimuth for the parallel fracture model and HTI medium model 
(small-scale fractures gas-filled). The response was derived from the 
Z-component of the data.

Figure 8. Same as figure 7 but for the perpendicular fracture model.

Figure 9. Z-component of motion for the P-wave reflected for 
the parallel fracture model. The small-scale fracture is gas-filled. 
Results for compliance varying from 0 (e.g. no large-scale fractures) 
to 0.9  ×  10−9 m Pa−1 are shown. Offset is 400 m. Azimuth is 30°.

Figure 10. Same as figure 9 but for the perpendicular fracture model.

J. Geophys. Eng. 12 (2015) 311
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0.9  ×  10−9 m Pa−1. Figures 9 and 10 show synthetic seismic 
data for the model where the large-scale fractures strike par-
allel to the strike of the small-scale fractures and where the 
large-scale fractures are perpendicular to the small-scale frac-
tures, respectively. Reflection amplitude goes down and scat-
tered wave energy goes up as fracture compliance increases. 
Scattered wave energy is not remarkable until fracture com-
pliance is larger than 0.1  ×  10−9 m Pa−1 for both the parallel 
fracture model and the perpendicular fracture model. This 
suggests that large-scale fractures would seriously affect 
reflection information when large-scale fracture compliance 
is larger than 0.1  ×  10−9 m Pa−1. What is more, the scattered 
waves caused by perpendicular fractures are much more com-
plicated than those caused by parallel fractures.

Figure 11 compares vertical-component waveforms 
at two receivers when large-scale fracture compliance is 

0.6   ×   10−9 m Pa−1. Small-scale fractures dominate the 
behavior of the first reflection pulse. Absolute amplitude for 
azimuth 0 degrees is larger than for azimuth 90 degrees in 
the first reflection pulse. This result is coincident with what 
we discussed before when there are only small-scale fractures. 
However, properties of the scattered waves are mainly gov-
erned by large-scale fracture. For the parallel fracture model, 
amplitude of the scattered wave for azimuth 0 degrees is still 
larger than the one for azimuth 90 degrees. For the perpen-
dicular fracture model, amplitude of the scattered wave for 
azimuth 0 degrees is less than the one for azimuth 90 degrees. 
According to our previous discussion, it should be possible 
to use reflection amplitude azimuth characteristics to evaluate 

Figure 11. P-wave reflection waveforms (Z-component). ZN and ZT 
is 0.6  ×  10−9 m Pa−1. Offset is 400 m.

Figure 12. Inversion Thomsen-type anisotropy parameters for the 
parallel fracture model. The small-scale fracture is gas-filled.

Figure 13. Inversion Thomsen-type anisotropy parameters for the 
perpendicular fracture model. Small-scale fractures are gas-filled.

Figure 14. Inversion result for small-scale fracture density. Small-
scale fractures are gas-filled.
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small-scale fracture orientation and the strike of the large-
scale fractures can be estimated from the scattered waves.

4. Inversion results analysis

We can, based on equation  (4), use a genetic algorithm to 
invert for Thomsen-type anisotropy parameters (γ,δ V( ) and 

ε V( )). In figures 12 and 13, we show the inversion results for 
parallel fracture and perpendicular fracture models when 
the small-scale fracture is gas-filled, respectively. It is inter-
esting to note that the inversion results for γ are much better 
than those for the other anisotropy parameters (δ V( ) and ε V( )

). For the parallel fracture model, the error of the inversion 
for γ is less than 10% when large-scale fracture compli-
ance is more than 0.1  ×  10−9 m Pa−1. Precision of inversion 
for γ decreases when large-scale fracture compliance is 
more than 0.1  ×  10−9 m Pa−1. The maximum error of inver-
sion for γ is 30% when large-scale fracture compliance is 
0.7   ×   10−9 m Pa−1. For the perpendicular fracture model, 

Figure 15. Inversion Thomsen-type anisotropy parameters for the 
fracture model. Small-scale fractures are water-filled.

Figure 16. Inversion Thomsen-type anisotropy parameters for the 
perpendicular fracture model. Small-scale fractures are water-filled.

Figure 17. Inversion result for small-scale fracture density. Small-
scale fractures are water-filled.

Figure 18. Inversion Thomsen-type anisotropy parameters for the 
parallel fracture model. Small-scale fractures are filled with carbon 
dioxide.

J. Geophys. Eng. 12 (2015) 311
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the error of inversion for γ is less than 10% when large-
scale fracture compliance is less than 0.2   ×   10−9 m Pa−1. 
The error increases with the growth of fracture compliances 
which are larger than 0.2   ×   10−9 m Pa−1. The maximum 
error of inversion for γ is 35% when fracture compliance is 
0.9  ×  10−9 m Pa−1.

According to the relationship between generic Thomsen 
parameter γ and crack density (equations (2) and (6)), we can 
estimate small-scale fracture density based on inversion for 
γ. Figure 14 shows the sensitivity of fracture compliance to 
estimated crack density when small-scale fractures are gas-
filled. For the parallel fracture model, the error of estimated 
small-scale fracture density is less than 10% when large-
scale fracture compliance is below 0.1   ×   10−9 m Pa−1, and 
we expect that it is 14% while large-scale fracture compli-
ance is 0.04  ×  10−9 m Pa−1. The maximum error of estimated 
small-scale fracture density is 17% when fracture compli-
ance is 0.2   ×   10−9 m Pa−1. For the perpendicular fracture 
model, the error of estimated small-scale fracture density is 
less than 10% when large-scale fracture compliance is less 
than 0.4  ×  10−9 m Pa−1 and the maximum error is 24% while 
the large-scale fracture compliance is 0.9   ×   10−9 m Pa−1. 
For both the parallel fracture model and the perpendicular 
fracture model, it is almost possible to evaluate small-scale 
fracture density when large-scale fracture compliance is less 
than 0.1  ×   10−9 m Pa−1 while small-scale fractures are filled 
with gas. As figures 17 and 20 show, if large-scale fracture 
compliance is less than 0.1  ×  10−9 m Pa−1, estimating small-
scale fracture density will still work well when small-scale 
fracture is filled with water and carbon dioxide, respectively. 
We have thus found that, regardless of the orientation of large-
scale fractures we can determine the fracture density of the 

small-scale fractures when the large-scale fracture compli-
ance is less than 0.1  ×  10−9 m Pa−1.

In figures  15, 16, 18 and 19, we show the inversion 
results for parallel fracture or perpendicular fracture models 
when small-scale fractures are filled with water and carbon 
dioxide, respectively. The inversion results for ε V( ) are better 
and more stable when large-scale fracture compliance is less 
than 0.1  ×  10−9 m Pa−1 than the ones when large-scale frac-
ture compliance is larger than 0.1  ×  10−9 m Pa−1. The inver-
sion results for ε V( ) always have large errors no matter what 
fluid fills the small-scale fractures, but the inversion results 
for ε V( ) have a big change when the small-scale fractures are 
filled with gas in comparison with the ones when the small-
scale fractures are fluid-filled. Take two parallel fracture 
models as examples (figures 12 and 18), the ranges of inver-
sion results for ε V( ) are −0.1095 and −0.1474 when large-
scale fracture compliance is less than 0.1   ×   10−9 m Pa−1 
while the ones for small-scale fracture filled with carbon 
dioxide are −0.001 and −0.0469, so the differences of inver-
sion results for ε V( ) are about 0.1 which can be considered a 
big change.

5. Conclusions

We have used numerical simulation and inversion to inves-
tigate the ability to infer anisotropy parameters for media 
containing aligned small-scale and large-scale fractures. 
The small-scale fractures lead to an equivalent HTI medium 
and the large-scale fractures cause scattering of the seismic 
waves. We investigated cases where the large-scale fractures 
are either parallel or perpendicular to the small-scale frac-
tures. Visual inspection of the simulated traces shows that the 
scattering from the large-scale fractures does not noticeably 
influence the character of the waveforms when compliance is 
less than about 0.1  ×  10−9 m Pa−1. While our results depend 
on several model parameters and the acquisition scenario, 
they do lead us to believe that AVAZ can often be reliable for 
estimating the fracture density of small-scale fractures even 
when large-scale fractures are present. Inversion results for 

Figure 19. Inversion Thomsen-type anisotropy parameters for the 
perpendicular fracture model. Small-scale fractures are filled with 
carbon dioxide.

Figure 20. Small-scale fractures density inversion result. The 
small-scale fracture is filled with carbon dioxide.
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Thomsen-type anisotropy parameter ε V( ) have large differ-
ences when the small-scale fracture change from gas-filled 
to fluid-filled if large-scale fracture compliance is less than 
0.1  ×  10−9 m Pa−1.
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