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Summary 
 
Seismic amplitude-versus-angle (AVA) inversion is a 
standard approach to estimate elastic properties of the 
reservoir. Seismic AVA inversion only considers the 
dynamic information in the seismic data, assuming the 
kinematic information has been correctly accounted for. In 
this paper, we propose to constrain the AVA inversion 
using the kinematic seismic information by defining a 
three-term objective function with 1) an AVA fitting term, 
2) an RMS velocity fitting term, and 3) a prior model fitting 
term. We investigate the influence of the RMS velocity 
fitting and the prior model term, which are considered as 
regularization terms for the AVA inversion. We use higher 
weights on these regularization terms at the beginning of 
the iterations. Once the cycle-skipping problem is resolved, 
the impacts of the RMS velocity and prior model terms are 
gradually reduced so that the overall misfit function is 
driven by the angle gather data only. Numerical examples 
show that the AVA inversion regularized by seismic 
kinematic information is more robust than conventional 
methods with respect to noise in the data and error in the 
initial models. 
 
Introduction 
 
Reservoir properties are the final product from the seismic 
inverson. Seismic information is available continuously in 
space although at low vertical resolution. Well logs present 
accurate geophysical information with high vertical 
resolution, but only at isolated well locations. Therefore, 
inversion of seismic data that integrates seismic and well-
log data can add great value in reservoir characterization 
(Francis, 2006a) because it combines the high vertical 
resolution from well logs with the good horizontal 
continuity from seismic data into the estimated model. 
 
Seismic amplitude-versus-angle (AVA) inversion is often 
used to invert for reservoir properties. It is generally 
introduced as a linearized least-squares problem, which is 
solved iteratively. The optimization attempts to minimize 
the residuals between the observed and the modeled 
amplitudes on the angle gathers. This linearized inverse 
problem is nonconvex and often ill-posed; therefore, 
different initial models could lead to different solutions 
with the same amplitude response. One way to obtain initial 
models is to use geostatistical approaches to interpolate, 
extrapolate, or simulate two/three dimentional models from 
well-log data at a few sparse locations (Hass and Dubrule, 
1994). In this case, the accuracy of the initial models 
decreases as the distances to the well location increase. In 

addition to the dynamic information (amplitudes) that have 
been included in the AVA inversion, seismic data also 
provide kinematic information (travel time) about the sub-
surface, which is often obtained and applied when 
constructing the angle gathers prior to AVA inversion. 
When the kinematic information is not accurately 
accounted for, the angle gathers show residual moveouts 
that are further removed using correlation based flattening 
methods (Gulunay et al., 2007). 
 
In this study, we propose to simultaneously include both 
dynamic and kinematic information in the inversion for the 
elastic properties of the reservoir. Instead of using the 
picked traveltime, we utilize the RMS velocity functions at 
each common image point, which provides further 
constraints to the P-wave and S-wave impedance. 
 
Following a widely used conventional approach, we solve 
the inversion problem by least-squares fitting. The cost 
function includes three penalty terms: an AVA fitting term, 
an RMS velocity fitting term, and a prior model fitting 
term. To balance between data fitting and stable inversion, 
the three penalty terms may have different weights in the 
cost function. The weights for the AVA term and the RMS 
velocity term determine the accuracy of the solution. The 
RMS velocity weight controls lateral continuity, and the 
prior weight affects the stability of the inversion by 
suppressing the unwanted oscillations. To achieve an 
optimum compromise among these penalty terms, we 
design an automatic reweighting schedule which decreases 
the weights for the RMS and the prior terms to ensure a 
stable and geologically plausible solution at earlier 
iterations and to increase the resolution of the solution at 
later iterations.  
 
Method 
 
The flattened angle gather at a specific lateral location X, 
denoted by 𝒅, is assumed to be the response of an isotropic 
elastic vertical earth profile 𝒎. For a given n!-dimensional 
angle trace 𝒅 𝜽 , the Aki-Richards equation was re-
expressed by Hampson et al. (2005) as 

𝒅 𝜽 = 𝑮𝒎 + 𝒆,                                 (1) 
where 𝑮 is the forward linearized operator, m is the elastic 
property vector, 𝒎 = [𝑳𝒑  ∆𝑳𝒔  ∆𝑳𝒅]𝑻 with 𝐿! = 𝑙𝑛(𝜌𝑉!) , 
𝐿! = 𝑙𝑛(𝜌𝑉!) , 𝐿! = 𝑙𝑛(𝜌) , and 𝒆  is an 𝑛! -dimensional 
noise vector. In addition to Equation (1), we utilize the 
following relationships between 𝐿! and 𝐿! and between 𝐿! 
and 𝐿! 

∆𝐿! = 𝑘𝑙𝑛 𝜌𝑉! + 𝑘! − 𝑙𝑛(𝜌𝑉!),                 (2) 
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∆𝐿! = 𝑚𝑙𝑛 𝜌𝑉! +𝑚! − 𝑙𝑛(𝜌),                  (3) 
where 𝑘 and 𝑚 are gradients, 𝑘! and 𝑚! are intercepts. Due 
to the lack of low frequencies in the data, direct inversion 
of equation (1) is unstable. A practical approach is to 
initialize the solution with 𝒎𝟎 = ln  (𝑉!!𝜌   0  0]! , where 
𝑉!!  is the initial velocity model, and then to iterate towards 
an optimal solution using Newton’s method.  
 
At the same location X, the picked RMS velocities, denoted 
by 𝑉!"#, are assumed to be the response of the interval 
velocities. Dix (1955) proposed to estimate interval 
velocities from picked RMS velocities, and corresponding 
travel times by the well-known Dix formula 

𝑈! =
!!"#,!
! !!!!!"#,!!!

! !!!!
!!!!!!!

,                     (4) 

with 𝑈!  is the local rms velocity over the time interval 
∆𝑡! = 𝑡! − 𝑡!!!, which approximates the actual interval 
velocity V!"#,! . Parameters 𝑉!"#,!  and 𝑉!"#,!!!  are RMS 
velocities at the top and bottom interfaces of the interval. 
For a given 𝑛! -dimensional RMS velocities𝑽𝒓𝒎𝒔 , the 
forward Dix transform can be expressed as 

𝑽𝒓𝒎𝒔
𝟐 = 𝑭𝑽𝒊𝒏𝒕

𝟐 + 𝝐,                         (5) 
where F represents the forward Dix transform operator, 𝝐 is 
an 𝑛!-dimensional noise vector. Therefore, solving Eq. (5) 
provide an initial interval velocity for AVA inversion.  
 
We then use linear regression to construct the statistical 
relationship between square of interval velocity and 
logarithm of P-impedance 

V!"#
! = α𝐿! + 𝛽.                           (6) 

That is, 𝐕𝒓𝒎𝒔
𝟐 can be re-expressed as 

𝑽𝒓𝒎𝒔
𝟐 = 𝑭(𝑨𝒎 + 𝒃) + 𝝐,               (7) 

where 𝑨 = [𝛂  0  0], 𝒃 = 𝜷  0  0 𝑻.  
 
Traditional AVA inversion minimizes the following misfit 
function: 

𝑆 𝒎 = 𝑆! 𝒎 + 𝜆𝑆!(𝒎).                (8) 
The data misfit 𝑺𝒅 𝒎  is based on a norm of the residuals 
between observed and computed angle gathers in the data 
space (Equation (1)), and the model norm 𝑆!(𝒎) term is 
based on a norm of residuals between the current model at 
a given iteration and the prior model in the model space. 
The parameter 𝜆  is the regularization parameter, which 
balances the contributions between the data and the model 
terms. 
 
For applications where RMS velocity can be picked, we 
add a second penalty term to the misfit function. This term 
estimates residuals between squares of picked and 
computed RMS velocity (Equation (5)). The objective 
function can now be written as the following expression 

𝑆 𝒎 = 𝑆! 𝒎 + 𝜆!𝑆!(𝒎) + 𝜆!𝑆!(𝒎),         (9) 

where the RMS velocity fitting term is denoted by 𝑆!(𝒎) 
and the prior model fitting term by 𝑆!(𝒎) . Two 
regularization parameters 𝜆!  and 𝜆!  are introduced, to 
allow weighting of the penalty terms with respect to each 
other and to the angle gather data term. 
 
Let us express these three terms in a more explicit way 
using 𝑙! norms. The AVA fitting term is 

𝑆! 𝒎 = !
!
𝒅 − 𝑮𝒎 !𝑪𝒅!𝟏 𝒅 − 𝑮𝒎   ,        (10) 

where d and Gm are vectors for the observed and computed 
data, respectively. The matrix 𝑪𝒅!𝟏 is a weighting 
operator on the data. This matrix can also be seen as the 
inverse of the covariance matrix of the angle gather data, 
which contains information on data uncertainties. 
 
The second term of the misfit function is the RMS velocity 
fitting term 

𝑆! 𝒎 = !
!
𝑽𝒓𝒎𝒔𝟐 − 𝑓 𝒎

!
𝑪𝟏!𝟏 𝑽𝒓𝒎𝒔𝟐 − 𝑓 𝒎 .   (11) 

The matrix 𝑪𝟏!𝟏is a weighting operator on the squares of 
RMS velocity. This matrix can also be seen as the inverse 
of the covariance matrix of the squared RMS velocity. 
 
The third term of the objective function is related to the 
prior model 𝒎𝒑, which can be designed from well logs and 
could be set prior to the seismic inversion. This prior model 
fitting term is computed using the expression 

𝑆! 𝒎 = !
!
𝒎 −𝒎𝒑

!
𝑪𝒎!𝟏 𝒎 −𝒎𝒑 ,        (12) 

where the matrix 𝑪𝒎!𝟏 is a weighting operator on the model 
space. This matrix can also be seen as the inverse of the 
covariance matrix of the model. 
 
Minimizing the misfit function in Equation (9) leads to the 
normal equation system, which can be written as 

𝑯𝒎𝜟𝒎 = −𝒈𝒎,                           (13) 
where the gradient and the Hessian of the misfit function 
are denoted 𝒈𝒎 and 𝑯𝒎, respectively. The gradient and the 
Hessian expressions can be written with as 

𝒈𝒎 = −𝑮!𝑪𝒅!𝟏 𝒅 − 𝑮𝒎 − 𝜆!(𝑭𝑨)𝑻𝑪𝟏!𝟏 𝑽𝒓𝒎𝒔𝟐 −

𝑓 𝒎 + 𝜆!𝑪𝟐!𝟏(𝒎 −𝒎𝒑) ,            (14) 
𝑯𝒎 = 𝑮!𝑪𝒅!𝟏𝑮 + 𝜆!(𝑭𝑨)𝑻𝑪𝟏!𝟏𝑭𝑨 + 𝜆!𝑪𝟐!𝟏.      (15) 

 
Synthetic Examples  
 
In this section, we study the effect of regularizing AVA 
inversion with the RMS velocity fitting. In particular, we 
show how RMS velocity mitigates the need of accurate 
initial models. The true velocity and density models scaled 
by depth of a well are shown in Figure 1. A synthetic angle 
gather is built according to the true models using Zoeppritz 
equations from the reflectivity and a 30 Hz zero-phase 
wavelet. The angle gather consists of 35 traces, with angles 
ranging from 1 to 32 in Figure 2. Finite difference 
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modeling with perfectly matching layer (PML) absorbing 
boundary conditions is used to generate a shot gather with 
1201 offsets (5m interval) in Figure 3a. There is an 
equivalency between a shot gather and a CMP gather in a 
layered medium. A total of 20 RMS velocities were 
automatically picked and used as input for the inversion in 
Figure 3b.  
 
As input of the inversion, the RMS velocities are obtained 
on an irregular, coarse time grid. A gridding procedure is 
needed to get a regular fine grid of the RMS velocities 
(Koren and Ravve, 2006). After the gridding, we perform 
backward redatuming. The values of picked RMS velocities 
are correct, but time shift is needed because the origin of 
the coarse time grid corresponds to the laterally varying 
datum surface. Therefore, the datum time should be added. 
Finally, we interpolate vertically for the fine time grid, 
assuming linear variations of the RMS velocity in time 
between the nodes of the coarse time grid. 

 
Figure 1. True velocity and density models scaled by depth. 

 

 
Figure 2. Synthetic angle gather. 

 

 
Figure 3. (a) Synthetic CMP gather, (b) Velocity scan. 

 
We now evaluate the roles of the initial and prior models in 
the AVA inversion procedure. First, we test conventional 
AVA inversion with a very crude initial model (Figure 4). 
We can clearly see that the inversion converges toward a 

local minimum due to the lack of low frequencies in initial 
model, leaving it far from being a satisfactory result. 
Second, we use the same initial model with a smoothed 
prior model (Figure 5). The weight of prior term λ! is 30 at 
the beginning. We use a dynamic weighting on the prior 
term to decrease it linearly to zero for later iterations. This 
method drives AVA inversion toward the global minimum 
of the objective function defined by the prior model at the 
beginning, and fits the amplitudes on the angle gathers only 
to increase resolution in the final iterations. In fact, adding 
the prior model penalty allows changing successive descent 
directions and helps the inversion converge to the global 
minimum of the misfit function. This test shows that prior 
information mitigates the non-uniqueness of the nonconvex 
and ill-posed inverse problems.  

 
Figure 4. AVA inversion result without prior model   

 

 
Figure 5. AVA inversion result with a prior model. 

 
However, the inversion results in Figure 5 are not perfect. 
The solutions still show a strong footprint of the prior 
model, especially after 1 sec. In complex environments, the 
initial model and prior model derived from well logs may 
be far away from the exact model, because the accuracy of 
these models is dictated by the availability and the spatial 
distribution of wells. Therefore, we include RMS velocity 
in the inversion procedure to provide additional 
information.  
 
We then test Dix inversion starting from a very crude initial 
model with no prior model. As shown in Figure 6, the Dix 
inversion produces highly oscillating interval velocities, 
even the variations in the RMS velocities are small. Figure 
7 demonstrates the ability of Dix inversion constrained with 
a crude prior model to produce stable results. The weight of 
the RMS velocities data misfit is 1, and the weight of the 
prior term is 30. In this case, prior model is also useful to 
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avoid unnecessary sharpness in the estimated interval 
velocities. 

 
Figure 6. Dix inversion for interval velocity without prior model. 

 

 
Figure 7. Dix inversion with a prior model. 

 
Next, we take RMS velocity into account in the AVA 
inversion as a constraint, to ensure robust results. We also 
use dynamic weightings on the RMS velocity fitting term 
and prior term to decrease λ! and λ! for later iterations. We 
suggest a simple dynamic approach, which decreases λ! 
and λ!  until they linearly reach zero. The dynamic 
weighting mitigates the footprint of the RMS velocity and 
prior model, because during optimization the weights on 
penalty terms decrease with respect to the data misfit term. 
Thus, the effects of the RMS velocity and prior models are 
reduced gradually and the AVA misfit term helps inversion 
converge to nearly perfect solutions. Figure 8 shows the 
inversion result obtained by take RMS velocity into 
account in the AVA inversion, using a very crude model as 
the starting model, and a smoothed model as a prior model. 
With the constraints by the RMS velocity, we can see that 
the inversion result is significantly improved when 
compared to the one obtained by Figure 5, especially after 
1 sec.  

 
Figure 8. AVA inversion constrained by RMS velocity. 

Finally, we test our method with noisy synthetic CMPs data. 
In Figure 9a, we show the same CMP gather as Figure 3a, 

added with strong random noise (SNR=0.5). In Figure 9b, a 
set of crude RMS velocities is automatically picked and 
used as input for Dix and constrained AVA inversion. 
Figure 10 shows the inversion constrained by noisy RMS 
velocities. The weight of the RMS velocity data misfit is 1, 
and the weight of the prior term is 1000 at earlier iterations. 
Note that even the noisy RMS velocity provides additional 
information that well logs may not have. The combination 
of the automatic picking and the constrained inversion 
dramatically reduces the turnaround time of the processing 
sequence.  

 
Figure 9. (a) Synthetic CMP gather with added random noise 
(SNR=0.5),  (b) Velocity scan. 
 

 
Figure 10. AVA inversion constained by noisy RMS velocity. 

 
Conclusions 

 
We have developed a method for estimation of elastic 
properties from seismic inversion of both dynamic 
(amplitude) and kinematic (travel time) information. The 
travel time information provides more constraints for P-
wave velocity, in addition to the amplitude information. 
Our method appropriately combines of both pieces of 
seismic information that has been inverted separately in the 
conventional inversion workflow and yields robust 
inversion results when data are contaminated with noise 
and the initial models are far from accurate.  
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