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Seismic Interferometry Using Non-Far-Field Sources

and Removing the Spurious Arrival

by Yingcai Zheng,* Ru-Shan Wu, Yike Liu, and Michael C. Fehler

Abstract Seismic interferometry using far-field correlation is a technique to obtain
the Green’s function between two receivers using passive wave-field recordings, and
often it is under the theoretical assumption that sources are in the far field when in fact
they may not be. Using a heterogeneous medium enclosed by a closed boundary on
which the sources are fired, we offer two views on the meaning of the far-field
correlation. In the intrinsic view, the validity of the far-field correlation is based
on the far-field approximation for wave scattering, and it is investigated by comparing
various physical dimensions in the heterogeneous interior, regardless of the exterior.
However, the extrinsic view centers on the medium properties in the exterior only
without considering the interior. Previous studies showed that, with the correct scat-
tering model and complete source coverage, no spurious arrivals should be generated
if the illuminating sources are in the far field. We investigate the case of near-field
cross correlation. This problem is considered in the context of two-dimensional space
with a single embedded scatterer that is represented by a cylindrical inclusion with
small radius. An analytical solution for the scattered wave is computed. However,
if the sources are not in the far field, the cross-correlation kernel must be used to
eliminate the spurious arrival, in addition to the correct scattering model and full
source aperture. The kernel accounts for the near-field illumination of the region.

Introduction

Cross correlating the diffuse wave-field recordings at
two locations, generated by random noise sources, repro-
duces the Green’s function that would be observed at one
location as if a source were at the other location (e.g., Lobkis
and Weaver, 2001; Weaver and Lobkis, 2001; Campillo and
Paul, 2003). Theoretical approaches to demonstrate the
applicability of the technology include the stationary phase
approach (e.g., Schuster, 2001; Snieder, 2004) and the repre-
sentation theorem (Wapenaar, 2004; Wapenaar and Fokke-
ma, 2006). It is a thriving field, and a rich body of novel
and interesting applications related to the Green’s function
retrieval have been produced. We refer to excellent review
articles (Larose et al., 2006; Schuster, 2009; Snieder, Miya-
zawa, et al., 2009; Wapenaar, Draganov, et al., 2010; Wape-
naar, Slob, et al., 2010). However, the theories for the open
system invoke an assumption, which may be violated, that
the illuminating sources are in the far field. This far-field ap-
proximation is convenient for both theory and application.
Recognizing that the gradient of the wave field and the wave

field itself are related in an open system in which the Som-
merfeld radiation condition is ensured at infinity (Baker and
Copson, 1950; Kupradze, 1963), Zheng (2010) gave a rigor-
ous mathematical derivation for the Green’s function retriev-
al for sources at all distances by using the boundary integral
equation method (Colton and Kress, 1983), which avoids the
need of invoking the far-field approximation. In his deriva-
tion, only wave-field correlation (no wave-field gradient) is
involved in the cross correlation, but a correlation kernel
arises. The kernel degenerates to the Dirac delta function un-
der the far-field approximation. It is observed that a nonphys-
ical or a spurious arrival can be generated when a point scat-
terer is present in the medium if the Born scattering model is
used. Previous studies (Snieder et al., 2008; Halliday and
Curtis, 2009; Snieder, Sánchez-Sesma, and Wapenaar,
2009; Wapenaar, Slob, and Snieder, 2010) resolved this ap-
parent paradox by showing that the linear Born scattering is
not adequate and the correct or nonlinear scattering model
must be used to eliminate the spurious arrival under the
far-field approximation. Their results are consistent with
the analytical studies (Sánchez-Sesma and Campillo, 2006;
Sánchez-Sesma et al., 2006) in which a cylindrical scatterer
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is illuminated by incident plane waves, and they showed that
no spurious arrival should be produced. Incident plane waves
are equivalent to far-field sources. It is understood that two
conditions are needed to eliminate the spurious arrival under
illumination by far-field sources: the correct scattering model
and the complete aperture of the source location. To our
knowledge, no studies have been performed to evaluate to
what extent these conditions can remove the spurious arrival
when the sources are not in the far field. The aim of this paper
is to discuss the issue of the near-field and far-field wave-
field cross correlation and the spurious arrival caused by a
small scatterer in the medium when the sources are not in
the far field.

Theory of Far-Field and Near-Field
Cross Correlation

We consider an acoustic interferometry problem in
which there is a domain D with a closed boundary ∂D out-
side of which the medium is homogenous and infinite. The
interior medium can be arbitrarily heterogeneous, and both
the interior and the exterior are lossless. Two receivers, A and
B, are placed in D at positions xA and xB, respectively. The
sources are fired on the boundary. The exact Green’s function
retrieval in the frequency ω domain can be written compactly
as (e.g., Wapenaar and Fokkema, 2006; Schuster, 2009;
Zheng, 2010):

2iImG�xBjxA;ω� � hpA; qBi � hqA; pBi; (1)

in which hf; gi � R
∂D f�x0� �g�x0�d2x0 is the inner product

defined on the boundary ∂D and the overbar denotes a com-
plex conjugate; pA;B�x0� � G�x0jxA;B;ω� is the wave field
recorded at xA;B due to a monopole source at x0∈∂D; and
qA;B�x0� � ∂G�x0jxA;B;ω�=∂n0 is the wave field recorded
at xA;B due to a dipole source at x0∈∂D. The Green’s function
in time t domain is obtained by taking the inverse Fourier
transform of the left side of equation (1), which consists of
the causal and anticausal Green’s function. Under the far-
field approximation,

qA;B�x0�≈ iωc�10 pA;B�x0�; x0∈∂D; (2)

where c0 is the velocity in the exterior medium. The far-field
approximation provides a means to relate the wave field and
its gradient. Then we can obtain

2iImG�xBjxA;ω�≈ �2ik0hpA; pBi; k0 � ω=c0; (3)

which is referred as Green’s function retrieval from far-field
correlations (Schuster, 2009). In this paper, we distinguish
the far-field approximation in relation (2) and the far-field
correlation in relation (3). However, the exact Green’s func-
tion retrieval formula (1) can also be rewritten as (Zheng,
2010)

2iImG�xBjxA;ω� � hpA;WpBi; (4)

where W is the cross-correlation kernel. Retrieval equa-
tion (4) only involves pressure fields (no pressure gradient),
and it is valid if the Sommerfeld radiation condition is satis-
fied in the exterior medium, which means there are no waves
coming into D from infinity. The cross-correlation kernel W
only depends on the wavenumber k0 in the exterior medium
and the boundary geometry. To see the action of operator W
explicitly, we use an example in two-dimensional space and
let the boundary be a circle with radius R. Then W is a con-
volutional operator defined as

�WpB��θ� �
1

2π

Z
2π

0

W�θ � θ0�pB�θ0�dθ0; (5)

in whichW�θ� is defined by its discrete Fourier series coeffi-
cient of basis function eimθ (θ and θ0 denote positions on the
circular boundary):

W�θ� �
X∞

m��∞
Wme

imθ (6)

and

Wm � 4i

πR
jHm�k0R�j�2; m � 0;�1;�2; ::: (7)

where Hm is the first-kind Hankel function of order m. Like-
wise, the Fourier series coefficients for pA and pB are Am and
Bm, respectively. Substituting equations 5–7) into (4), we
obtain

2iImG�xBjxA;ω� � 2πR
X∞

m��∞
Am

�Wm
�Bm; (8)

which provides a fast method to compute the wave-field
cross correlation using Fourier coefficients, provided the
source aperture ∂D is complete. We can write equation (8)
in the space/angular domain as a convolution

2iImG�xBjxA;ω�

� 1

2π

Z
2π

0

Rdθ
Z

2π

0

pA�θ� �W�θ � θ0� �pB�θ0�dθ0: (9)

W is a nonlocal operator, and it acts on the wave field on the
whole boundary. In the previous seismic interferometry
theory, the wave-field cross correlation is calculated using
seismograms generated by the same source (or shot)
(Fig. 1a,b) in which

�W�θ � θ0� → 4πik0δ�θ � θ0�; (10)

a local operator that corresponds to the far-field approxima-
tion. However, here in the exact theory without the far-field
approximation, in addition to the same-source wave-field
correlation, wave fields pA�θ� and pB�θ0� due to different
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sources need to be correlated (Fig. 1c,d). In previous seismic
interferometry theory, if there are N active sources, the
number of seismogram cross correlations is N. However,
in our case, the number of correlations is proportional to
N2. The weight for the cross-source wave-field cross corre-
lation pA�θ� and pB�θ0� is solely determined by relative
source angular separation distance jθ � θ0j, irrespective of
receiver locations and complexity of the interior medium
and, as such, the interior medium can be arbitrarily complex.
We note that the kernel described previously in equation (6)
is expressed in the angular θ domain. However, if we express
the kernel using the arc length s as the dependent variable,
the kernel for the circle should approach that for the plane for
large R, and this is in fact the case:

k0
J1�k0s�

s
� 1

2πR

X∞
n��∞

4

πR
jHn�kR�j�2 cos

�
n
s

R

�
;

for largeR and fixed k0;

where the left side is the cross-correlation kernel for a plane
in two dimensions (Zheng, 2010) and is independent of R.
This suggests that when the curvature for a general boundary
is small, the kernel for the plane boundary can be used.
Taking the frequency limit to infinity, the spherical kernel
reduces to a delta function in both θ and s domains.

The common view of the validity far-field correlation (3)
that is based on the far-field approximation of relation (2) in
the Green’s function retrieval is intrinsic in that one focuses
on comparing physical dimensions in the interior domain D
(e.g., Sato, 2010): all scatterers xscatter and receivers in D are
far from the boundary

kDjxb � xscatterj ≫ 1 and kDjxb � xA;Bj ≫ 1

for all xb∈∂D;
(11a)

in which kD � 2π=λD (where λD is some typical wavelength
in the heterogeneous interior D); and the spatial gradient of
the wave field around the boundary is perpendicular to the
boundary locally (Wapenaar et al., 2005; Schuster, 2009):

∇x0pA;B�x0� parallel to x̂�x0�; (11b)

where x̂�x0� is the boundary normal direction at x0∈∂D.
Our exact formulation reduces to the case of the far-field cor-
relation in relation (3) when the cross-correlation kernel be-
comes a delta function (case 10). On the other hand, because
the spectrum of a delta function is constant, we only need

k0R ≫ 1; (12)

and then the kernel’s Fourier coefficient in equation (7)
becomes constant. Therefore this offers a purely extrinsic
view for the far-field correlation in that k0R is the property
of the exterior medium only. It is sufficient to use condi-
tion (12) to determine the validity of the far-field correla-
tion in relation (2). We even do not care what the interior
medium is, where the scatterers and receivers are, and
whether conditions 11a and 11b) are satisfied or not. At
first glance, it is rather odd or counterintuitive that the
validity of far-field correlation depends on the exterior
medium not the interior medium. In the following, we show
that the extrinsic view in condition (12) and the intrinsic
view in conditions (11a and 11b) may have some connec-
tion. There are three ways to achieve condition (12). The
first is to put the sources far from scatterers and receivers in
the physical space (i.e., large R), the conditions (11a, 11b)
are also satisfied, and the rays are outgoing and perpendi-
cular to the boundary; this is the view held by the majority.
The second is to have a large frequency ω; the rays are not
necessarily normal to the boundary, and conditions for the
intrinsic view can be violated. Finally, if the velocity in the
exterior is very slow (c0 → 0�), condition (12) can also be
satisfied, but in this case the refracted rays in the exterior
medium are perpendicular to the boundary by Snell’s law.
However, the rays in the interior side of the boundary are
not necessarily perpendicular to the boundary; thus, condi-
tion (11a) may fail, but condition (11b) can be valid by
continuity of the pressure gradient across an interface.

Numerical Example

We use a simple numerical example to demonstrate that
the kernel is indeed essential in reconstructing the Green’s
function if the sources are not in the far field, even with
the correct scattering model and a full source aperture. The
numerical model setup (Fig. 2) has a cylindrical inclusion at
�0;�600 m�, with density ρ1 � 2 × 104 kg=m3 (which is
unrealistically large in order to emphasize scattering from

A B A B

A BA B

(a) (b)

(c) (d)

crosscorrelationsourcereceiver

Figure 1. (a, b) Same-source wave-field cross correlations and
(c,d) cross-source terms.
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the inclusion) and velocity c1 � 6500 m=s. The density and
velocity of the background are ρ0 � 1000 kg=m3 and
c0 � 1500 m=s, respectively. The radius of the source circle
is R � 1000 m, and the radius of the scattering inclusion is
rc � 10 m. Two receivers are at ��400 m;�300 m� and
�400 m;�300 m� in Cartesian coordinates. For each source,
the source–time function is a Ricker wavelet (Appendix A)
with central frequency f0 � 10 Hz. The wave fields pA and
pB are computed analytically using the equations in Appen-
dix B. The order in the series is limited to jmj ≤ 40 to ensure
convergence of the series. The wavelength at the central
frequency is λ0 � 150 m. We can write the wave field
received at receiver A as two parts, the direct wave p0

A and
the scattered wave p1

A. The same decomposition is used for
receiver B: pB � p0

B � p1
B. Then correlation (1) can be writ-

ten as four cross-correlation terms (Fig. 3). The correlation
between the two direct waves, p0

A and p
0
B, produces the direct

wave in the Green’s function between A and B. The correla-
tion between the direct wave p0

A (or p0
B) and the scattered

wave p1
B (or p1

A) yields the scattered wave of the Green’s
function and the spurious arrivals at time zero. However,
the correlation between the two scattered waves only gener-
ates a spurious arrival, which cancels the spurious arrivals in
correlations between p0

A and p1
B and between p1

A and p0
B

when all four terms are summed up using the cross-orrelation
kernels (Fig. 4a). This cancellation has been observed in the
case of using far-field sources (Snieder et al., 2008). Here we
establish the same phenomenon for sources in all distance
ranges. One might question whether the spurious arrival
cancellation must occur because the left side of equation (4)
has no spurious arrival. However, equation (4) depends on

the Green’s theorem, which in general requires pA;B or qA;B
to be twice continuously differentiable. In heterogeneous
media containing sharp interfaces, this is not the case.
Nevertheless, through a numerical example, we demonstrate
that the Green’s function retrieval works perfectly if the
cross-correlation kernel is used. If we use the same analytical
scattering theory for the point diffractor but under the far-
field approximation, the spurious arrival at time zero is not
cancelled, and its amplitude is about 10% of the scattered
wave in this case (Fig. 4b). In general geometry, the spurious
arrivals can appear at any times, and they may be misidenti-
fied as signals due to structures.

Discussion and Conclusion

The Green’s function retrieval in equation (1) is essen-
tially a backpropagation in seismic migration. However, in
seismic imaging, usually the spatial gradient data of the pres-
sure field are not available and one invoked the Rayleigh
integral (Wu, 1989). In this paper, we showed that using
cross-correlation kernels is another way to do migration if
only pressure data are available (equation 4). The techniques
developed here might also be useful in the reverse time
migration.

Van Manen et al. (2005) described a modeling method
in which one first records the whole wave field due to each
monopole or dipole source located on the boundary and then
uses seismic interferometry to extract the Green’s function
between any two points in the interior. Our method can
be applied to this case if the Sommerfeld radiation condition
can be satisfied in the exterior medium. The advantage of our
method in this setting is that only one type of source, either
monopole or dipole, is needed; this reduces a huge amount
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Figure 2. Scattering model for a cylindrical inclusion. Sources
(stars) on a circle enclose two receivers (inverted triangles) and a
small scatterer (black dot).

−1.5 −1 −0.5 0 0.5 1 1.5 2

−1.5 −1 −0.5 0 0.5 1 1.5 2

−1.5 −1 −0.5 0 0.5 1 1.5 2

−1.5 −1 −0.5 0 0.5 1 1.5 2

−0.04
−0.02

0
0.02
0.04(a)

−0.04
−0.02

0
0.02
0.04(b)

−0.04
−0.02

0
0.02
0.04(c)

−0.04
−0.02

0
0.02
0.04

A
m

pl
itu

de

Time (sec)

(d)

Figure 3. Cross correlations with the kernel between direct
wave fields (p0
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B) and scattered wave fields (p1
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B) at

receivers A and B: (a) p0
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(50%) of wave-field storage, and the cross correlation can be
computed using the fast method of equation (5) (fast Fourier
transforms).

The far-field approximation is equivalent to reducing W
to a delta function, eliminating cross-source terms, which

may be negligible compared to same-source terms if the
interior medium is extremely heterogeneous. In our deriva-
tion, we have not explicitly included source–time functions
(STFs). However, if STFs are noise, then the cross-source
terms vanish for θ ≠ θ0. The weight for the same-source cross
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Figure 4. Comparison between the analytical Green’s function (circles) and the retrieved Green’s function (thin black line) by wave-field
cross correlation, (a) with the kernel and (b) without the kernel. Notice the spurious arrival around time zero in (b), despite its small am-
plitude. In (b), the part of the plot to the right of the dashed line t � �0:25 s is magnified by 5 times. We only plot the analytical Green’s
function for positive time.
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correlation is thus constant and frequency dependent.
Because the kernel calculation needs the source location, our
method may be used in controlled source seismology. For
ambient noise applications, the kernel can hardly be con-
structed due to uncertainties in the source location.

The meaning of the widely used far-field correlation is
examined in this paper, and two views, intrinsic and extrinsic,
are offered for its validity. We show that the Green’s function
between A and B is exactly recovered by the wave-field cross
correlation that includes the cross-correlation kernel using
sources not in the far field. However, under the far-field
approximation, the retrieved Green function amplitude is
incorrect and also contains a spurious arrival despite the use
of the correct scattering model and full source aperture.

Data and Resources

No data were used in this paper.
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Appendix A

Ricker Wavelet

The Ricker wavelet is defined as in time t domain:

s�t� � �1 � 2π2f20�t � ts�2� exp��π2f20�t � ts�2�; (A1)

where ts is the time shift and f0 is called the central
frequency.
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Appendix B

Scattering by a Cylindrical Inclusion

Assuming the center of the scattering cylinder with
radius rc is at �0; 0� and with an external illuminating line
source at �r0;ϕ0�, the wave field inside the cylinder can
be expressed as

p1�r;ϕ� �
X∞

m��∞
amJm�k1r�eimϕ; r ≤ rc: (B1)

The scattered wave field in the exterior medium is

ps�r;ϕ� �
X∞

m��∞
bmHm�k0r�eimϕ; r ≥ rc (B2)

and the incident wave

p0�r;ϕ� �
i

4
H0�k0rsg�

� i

4

X�∞

m��∞
eim�ϕ�ϕ0�Jm�k0r�Hm�k0r0�;

rc ≤ r < r0; (B3)

where Jm is them-th order Bessel function. By the continuity
of the pressure

p0 � ps � p1; (B4)

and the continuity of the normal particle velocity

1

ρ0
d

dr
�p0 � ps� �

1

ρ1
dp1

dr
: (B5)

One can solve for the expansion coefficients

bm � i

4
H0�k0r0�

qJm�k0rc�J0m�k1rc� � J0m�k0rc�Jm�k1rc�
Jm�k1rc�H0

m�k0rc� � qJ0m�k1rc�Hm�k0rc�
× e�imϕ0 ; (B6)

where q is the ratio of the acoustic impedances between the
cylindrical inclusion and the background medium

q � ρ1c1
ρ0c0

: (B7)
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